Available online at www.sciencedirect.com

SCIENCE DIRECT® Communications in
Nonlinear Science and

Numerical Simulation

Sevineiie Communications in Nonlinear Science
ELSEVIER and Numerical Simulation 8 (2003) 201-213

www.elsevier.com/locate/cnsns

Fractional Poisson process

Nick Laskin *
IsoTrace Laboratory, University of Toronto, 60 St. George Street, Toronto, ON, Canada M5S 147

Abstract

A fractional non-Markov Poisson stochastic process has been developed based on fractional general-
ization of the Kolmogorov-Feller equation. We have found the probability of » arrivals by time ¢ for
fractional stream of events. The fractional Poisson process captures long-memory effect which results in
non-exponential waiting time distribution empirically observed in complex systems. In comparison with the
standard Poisson process the developed model includes additional parameter u. At u =1 the fractional
Poisson becomes the standard Poisson and we reproduce the well known results related to the standard
Poisson process.

As an application of developed fractional stochastic model we have introduced and elaborated fractional
compound Poisson process.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

The main experimentally observed features of anomalous kinetic phenomena in complex sys-
tems are non-exponential time and non-Gaussian space patterns [1,2]. To describe the patterns
fractional generalizations of the diffusion, diffusion—-advection and Fokker—Planck type equations
have been developed and studied recently [1-3]. From physical point of view the non-exponential
evolution is caused by long-run memory effects in complex systems. From mathematical point of
view fractional generalization of the kinetic equations results from substitution instead space and
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time derivatives the derivatives of fractional order. The current status and history of the fractional
kinetic problem are presented in recent reviews [1,2].

One of important feature of statistical analysis of a counting random process is analysis of
statistics of interarrival times. It is well known that the Poisson model predicts exponential
probability distribution of interarrival times (see, for example [4]). Recently the empirical ob-
servations of failure of the Poisson model were found. The sizes (in number of bytes) or durations
(measured in seconds) of a set of the Web network sessions or connections exhibit the long-tailed
property, see, for example Fig. 5 in [5] and references there. In other words, the probability of
duration of network sessions decreases by power law at large session-times instead of exponential
decay predicted by the standard Poisson model and well confirmed empirically for phone com-
munication connections.

To understand the origin of the observed power law asymptotic behavior of probability dis-
tribution function of interarrival times we propose non-Markov fractional Poisson model based
on fractional generalization of the Kolmogorov—Feller equation [3,6,9].

To explain where the fractional Kolmogorov—Feller equation comes from let us remind the
standard Kolmogorov—Feller equation for probability distribution function P(x,¢) [3,4]

%: /oc dyw)[P(x —y,1) — P(x,1)], 0

P(x,t =0) = d(x),

here w(y) is probability density “to make a step” of the length y.

From point of view of the Montroll-Weiss continues time random walk (CTRW) model [1,6-9]
the Kolmogorov—Feller equation (1) belongs to the type of master equations and describes sit-
uation when each consequent step of random length y is made after random waiting time ¢.
Moreover randomness of step length is distributed in accordance with w(y) while waiting time ¢
has exponential distribution (¢)

y()=e", t=0. (2)

Therefore, the exponential waiting time distribution (¢) is the origin for the first order time
derivative in the left side of Eq. (1). Fractional generalization of Eq. (1) is based on the fractional
generalization of the waiting time distribution y(¢). In [3] the fractional waiting time distribution
function v, (¢) was proposed as the following integral (see Eq. (7.6) Ref. [3])

sinmtu [ dpe "
b =00 [ S 7
v o P+ pF42cosmu

0<u<l, (3)

and called a fractional Poissonian distribution.

When the parameter u # 1 the fractional waiting time distribution becomes broader and
possesses of non-exponential power-law behavior at large z. The spreading of the waiting time
distribution leads to non-Markovian non-exponential evolution, the latter being a typical mani-
festation of temporal phenomena inherent in complex physical systems.

In this paper we have developed and elaborated the fractional Poisson distribution based on the
fractional generalization of the Kolmogorov—Feller equation. We take the special form of w(y),
w(y) = vo(y — 1), where 0 is delta function and the parameter v has physical dimension [v] = sec™*
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(see Eq. (19)). It results to probability distribution function of a counting process when the total
number of “items” that have arrived up to time 7 is governed by the fractional stream. In com-
parison with the standard Poisson process the developed model includes additional parameter p,
0 < u< 1. Thus, the model provides fractional generalization of the standard Poisson process, to
which it reduces at = 1.

The paper is organized as follows.

In Section 1 we explain how and where the fractional Poisson comes from. The basic definitions
of the standard Poisson random process are reminded in Section 2. In Section 3 we define the
fractional Poisson model, obtain new probability distribution function P,(n, t), evaluate mean and
variance, find probability distribution function of interarrival times. Fractional compound
Poisson process is defined and elaborated in Section 4 as an application of the developed model.
In Section 5 we discuss the relationships between the developed fractional model and the standard
Poisson random process.

2. The Poisson process
2.1. Generation function

The standard Poisson process is concerned with the distribution of arrivals under applicable
assumptions. The probability of a single arrival during a small time interval A¢ is 77A¢, with rate 7
and more than a single arrival during Az is negligible. Let P(n,¢) be the probability of n items
having arrived by time ¢ The probability P(n,f) satisfies the normalizing condition
> P(n,t) = 1 because either nothing arrived or something must have arrived by time 7. To see
what happens during the subsequent small interval Az we write

P(0,t+ At) = P(0,¢)(1 — nAt), (4)

P(n,t+ At) = P(n,t)(1 —nAt) + P(n — 1,t)nAt, n>1. (5)

The Eq. (4) gives the probability that no arrivals have occurred by time ¢ + A¢. This probability
may be related to the state of the system at time ¢. Thus, by the law of compound probabilities of
two events which occur independently (i.e., one takes the product of the probabilities of these
events), it is equal to the probability that nothing had arrived by the time ¢ multiplied by the
probability that nothing arrived during A¢. For the case n > 1 this property (i.e., having the same
number at time ¢ and nothing arriving during Az¢) also holds, but in addition there might have been
n — 1 arrivals during time 7, followed by an additional arrival during A¢. The product of these
quantities yields the second term on the right of Eq. (5). We have not mentioned the possibility of
more than one arrival during the small interval since it is negligible and can be shown to vanish in
what follows.

On multiplying, transposing P(n,t) to the left, and dividing by A¢, the Eq. (5) becomes

P(n,t+ At) — P(n,t)
At

At the limit Az — 0 by definition, the left side is the first order time derivative and we have

=n(P(n—1,t) — P(n,t)), n=1.
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oP(0,1)  _
o = —AP(0,1), (6)
apgz,z) —7A(P(n—1,6) — P(n,1)), n>1, (7)

P(l’l,f:()) :P()(l’l)

Eq. (7) is linear differential equation with respect to ¢ and difference equation with respect to n,
generally called differential-difference equation.

To solve Egs. (6) and (7) it is convenient to use the method of generating function. By intro-
ducing the generating function G(s, ¢)

G(s,t) = is”P(n,t), (8)

n=0

we see from Eq. (8) that the probability P(n,¢) is obtained by differentiating G(s, ¢) n times with
respect to s, then dividing by #!, and putting s = 0, that is

_1.9"G(s, 1)
on! Qs

P(n,t) 9)

s=0

Now by multiplying Eq. (7) by s” and summing over 7 as a result we obtain the following linear
differential equation for the generating function G(s, ¢):

o0G(s, 1)  _
T—n(s— 1)G(s,?). (10)

One should specify the initial at ¢ = 0 condition for the generating function. In general, the time
origin ¢t = 0 for a specific study could be chosen anywhere, even after arrivals had actually oc-
curred. Indeed, it may be that, by ¢t = 0, k units had arrived. In that case, P(n,0) = P(n,t = 0) is
zero if n # k and unity if n = k. Thus we can write

G(s,t=0)=>_s"P(n,t =0) =s"P(k,t =0) = s". (11)

It is easily to see that solution of the problem defined by Egs. (10) and (11) has the form
G(s,t) = s* exp{a(s — 1)t}. (12)

Further, suppose, as usual, that at # = 0 nothing had arrived. Then G(s,# = 0) = 1 since k =0
and we get the equation for the generation function

G(s, 1) = exp{ii(s — 1)t} (13)

Using Egs. (13) and (9) we get the well known equation for the probability P(n,t) of n items
having arrived by time ¢
(A1)

Pln,1) = e, (14)
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This equation shows that the number of arrivals occurring in time interval ¢ has a Poisson
distribution with mean 7z. Hence, the physical meaning of the parameter 7 can be interpreted as
the average number of arrivals occurring per unit time. The parameter 7 has physical dimension

7] = sec™!.

2.2. Waiting time distribution

A time between two successive arrivals is called as waiting time and it is a random variable. The
waiting time probability distribution function is an important attribute of any arrival or counting
random process. The waiting time probability distribution function (t) represents the proba-
bility density of event that an arrival is occurred at the time moment #, = #,_; + 7 after the pre-
vious one happened at the moment ¢, ;. Therefore, the probability that interarrival time # — #;_
between the successive arrivals satisfies 1 <# — #,_; < tdz is equal to Y(t)dr. Further, the prob-
ability P(t) that a given interarrival time is greater or equal to 7 can be expressed in term of
probability distribution function (t) by the following way:

P(r):/Oodt’lp(t’):1—/Ordt’lp(t’), (15)
be) =~ LP(). (16)

It is easy to see that fOT dr y(¢') is the probability of at least one arrival at any moment in the
interval [0, 7]. To evaluate this probability we apply Eq. (14). Then we write

ddy()=> Pnt)=1—e™. 17
[ v =3 pon) (17)
By combining Egs. (15)-(17) we finally find

Y(t) = me ™. (18)

The exponential distribution is manifestation of the Markov property of the Poisson random
process.

3. The fractional Poisson process
3.1. Generation function

We introduce the fractional Poisson process as the counting process with probability P,(n, t) of
arriving » items (n = 0,1,2,...) by time 7. The probability P,(n,t) is governed by the following
special form of the fractional Kolmogorov—Feller equation:
tH

—_— <1, 1

oDI'P,(n,t) = v(P#(n —1,t) — Pu(n,t)) +
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with normalization condition

iPH(n,t) =1, (20)

where the operator of fractional derivation (D! is defined as the Riemann-Liouville fractional
integral, !

. 1 " odef()
Osz(t) - F(—,u) /0 (t—‘[)lﬂ“

and 0,9 is the Kronecker symbol, the gamma function I'(x) has the familiar representation
I'(p) = [, dre”'#*~', Rep > 0, and parameter v has physical dimension [v] = sec™. The initial
condition P,(n,t = 0) = d, is incorporated in Eq. (19). One can consider the fractional differ-
ential-difference equation (19) as generalization of Egs. (6) and (7).

To solve Eq. (19) it is convenient to use the method of generating function. Namely, we in-
troduce the fractional generating function G, (s, t)

G,(s,t) = Y s"P,(n,t). (21)

n=0

Then by multiplying Eq. (19) by s”, summing over n we obtain the following fractional dif-
ferential equation for the generating function G,(s,?):

oDIG (s, 1) <ZS"P ZS"P n t) (ltj )

t.“

=v(s—1)G,(s,t) + ———. 22
The solution of this fractional equation has a form
Guls,t) = E,(vi"(s — 1)), (23)
where E,(z) is the Mittag-Leffler function given by its series representation [13-15]
9] M
E(2) = _— 24

The Mittag-Leffler function E,(z) can be considered as fractional generalization of the well
known exponential function exp(z). It is easy to see that at 4 = 1 the Mittag-Leffler function E,(z)
becomes the exponential function, E(z) = ¢, and Eq. (23) is transformed into Eq. (13) for the
generation function of the standard Poisson random process. The parameter v becomes 7z at u = 1.

Expanding (23) in series over s results in accordance with definition (21)

(") & (k+n)! ()
al > K T(ulk+n)+ 1))’

k=0

0<u<l. (25)

P,(n,t) =

! The basic formulas on fractional calculus can be found in Refs. [2,3,10-12].
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The P,(n,t) gives us the probability that in the time interval [0,¢] we observe n events. When
p =1 the P,(n,t) is transformed to the standard Poisson distribution, see Eq. (14). Thus, Eq. (25)
can be considered as fractional generalization of the standard Poisson distribution. The presence
of additional parameter p brings new features in comparison with the standard Poisson distri-
bution. We investigate them in Sections 3.2-3.4.

Let us show that P,(n, t) satisfies the normalizing condition _ ° P,(n,t) = 1. Indeed, one can
see that the chain of equations holds

S e O N )t () R ) s K (v
DRmn =3 = F(u(k+n)+1))_z nl Z(k—n)!F(ukH)

"~ _n;() k'kzo ) (—ve) & (v:"z)(;‘(l—l)::i 1
_;F(ukﬂ); nl(k —n)! _; I'(pk +1) F(l)_l

3.2. Mean and variance

The mean 7, of the fractional Poisson process can be calculated straightforwardly

> vt
n, = P,(n,t) = —. 26
nll ; n H(n7 ) F(u + 1) ( )
The second order moment ?H is given by
— & r 1
n = n*P,(n,t) =7, + 7. VALt D) (27)

u 22#*1F(‘u + %) '

= o o fuB(ug
a#:nﬁ—ni:nﬂ+ni{%—l}, (28)
where B(p,3) is the Beta-function defined as [14]
r(wr(v)
B, v) = —2- 0
It is easy to see that at u = 1 Eq. (28) is transformed to
o] = n| = nt, (29)

here 7 is the rate of the standard Poisson process. The Eq. (29) express the well known property
that variance of the standard Poisson process is equal to its mean [4].
Finally note, that the probability distribution of the fractional Poisson process can be repre-
sented in the terms of the Mittag-Leffler function E,(z) by the following compact way:
(=)
PER

Py(n,1) = (30)

z=—Vith

Pu(n = 0,1) = E,(—vt"). (31)
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At u =1 Eqgs. (30) and (31) are transformed to the well known equations for the standard Poisson
process with the substitution v — 7.

3.3. Moment generation function

The equation for the moment of any integer order of the fractional Poisson can be easily found
by means of the moment generation function H,(s,¢) which is defined as

H,(s,t) Ze ""Py(n,t). (32)
Indeed, for the moment of kth order we have
— O“H,(s,1)
k )
l’lﬁ = (—1) # SZO. (33)

By multiplying Eq. (19) by e, summing over n as a result we find the following fractional
differential equation for the moment generating function H, (s, ?):

N £ T SN S A
oDt H,(5,1) (E”_O:e Rln=10-3 e P~<v’>>+r<1-m
=v(e™ — 1)H,(s t)+F(1_M) (34)

The solution can be written as
H,(s,t) = E,(vt"(e”* — 1)), (35)
or in a series form
- 1
H,(s, t) = —  (vt*eF = 1))"
H(S7 ) ; F(m,u—i—l) (V (e )) ’

where the definition (24) of the Mittag-Leffler function was taken into account. Let us calculate,
for example, the first order moment. We write

0H,(s,1) > m(vet)" mel V!
n,= ———= T D" =,
! Os z:l I'(mp+1 ) L, Tt 1)

s=0

where we use the fact that the term m = 1 only contributes to sum over m.
At u =1 Eq. (35) is transformed into well known equation for the moment generation function
of the standard Poisson. Indeed, if we note that E(z) = ¢, then we find the well known expression

Hy(s,t) = E\(At(e™ — 1)) = exp{nt(e™ — 1)} = H(s,1).
3.4. Waiting time distribution for fractional Poisson process

We introduce waiting time probability distribution function ¥ ,(t) of the fractional Poisson
process by the way
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d
() = = S Ru(e), (36)
where P,(7) is the probability that a given interarrival time is greater or equal to t
—I—ZP n,7) (—vth), (37)
and P,(n, 1) is given by Eq. (25). From Egs. (36) and (37) we obtain
V(1) =vi" 'E(—vt"), 120, 0<p<l, (38)
where the generalized two-parameter Mittag-Leffler function is [14]
0 Zn
E, = — E, = E,(2). 39
1= oy B =B (39)

The ,(r) defined by Eq. (38) is fractional generalization of the well known exponential
probability distribution function /() given by Eq. (18) to which it reduces for u = 1 because of
El,l(Z) =&~

It occurs to be possible to obtain an explicit form of the fractional waiting time probability
distribution function v, ,(t) at u = 1/2. In fact in accordance with definition (39) we have

00 (_Z)m k+1 1
Eii(—z) = —l— —ZE;(—Z . 40
L I syl VRPN T v 40
Further, the Mittag-Leffler function E% (—z) has the representation [14]
Ey(—2) = ¢ erfc(2), (41)
where
erfe(z / dye ™ (42)

is the complementary error function.
Substituting Egs. (41) and (42) into Eq. (40) and then putting Eq. (40) with z = vt into (38)
give the representation for fractional waiting time probability distribution function ¥, ,(7)

v 2v et
Yia(0) = /‘@ey (43)

The probability distribution function y,(z) has the following asymptotic behavior

1 /vl 17— oo,
vehl 7 — 0.

W, (7) =~ (44)

The power law asymptotic behavior is observed in probability distribution of duration of the
Internet sessions at © — oo [5].
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Fig. 1. The probability distribution functions y(t) and (1) defined by Eqs. (18) and (38) reciprocally and evaluated at
n=1Lv=1,u=0."7.

At last if we note that there exists the formula

o0 1
/ dte ™ 'E, (—1%)
0

- 45
1_|_uot’ ( )

then we easy get the Laplace transform (1) of the fractional waiting time distribution function
(38)

V4 ur’

v, (u) = /0 dre ™y, (1) = v/o dre " 'E, (—vt") = ! 0<u<l (46)

which was originally proposed for v =1 in [3], see Eq. (7.5) as fractional generalization of the
Laplace transform of the exponential distribution ¥/(u) = v/(v + u). Applying the inverse Laplace
transform

e 1ufmwwmw,

27” G—i00

yields at v =1 Eq. (3) which coincides with Eq. (7.6) in [3].
Fig. 1 shows the plot of the probability distribution functions (t) and (7).

4. Fractional compound Poisson process

We call stochastic process {X(¢), t > 0} a fractional compound Poisson process if it is repre-
sented by
N(t)

x@0=Y"1, (47)
=1

where {N(¢), t > 0} is a fractional Poisson process, and {Y;, i = 1,2,...} is a family of independent

and identically distributed random variables with probability distribution function p(Y) for each

Y;. The process {N(t), t > 0} and the sequence {Y;, i = 1,2,...} are assumed to be independent.
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We now calculate the moment generation function J,(s,?) of fractional compound Poisson
process

J#(Sv 1) = <eXp{SX(t)}>Y,-,N(1)’ (48)

where (.. .>Yi7N([) is averaging procedure which includes two statistically independent averaging
procedures:

1. Averaging over independent random variables Y, (...),

y:/le...dan(Yl)...p(Yn)..., (49)

where p(Y;) is the probability density of random variable Y;.
2. Averaging over random number n governed by the fractional Poisson process

o0

(v =D Pun0) .. (50)

n=0
where P,(n,t) is given by Eq. (25).

One can see from Eq. (48) that kth order moment is obtained by differentiating J, (s, ¢) & times
with respect to s, then putting s = 0, that is

ak

X))y, YN() = @J#(sz) (51)

s=0

To obtain equation for the moment generation function J,(s,t) we apply Eqgs. (49) and (50)
to Eq. (48)

Js,) = S {explsX (DN (1) = n}) Pulm. 1)
R (vt")" & k+n (—ven)
—;<exp{s()’1+...+ i ; krm 1)
RS (vt")" & k+n)' ( vt")
— nzzo:<exp{S(Y1 i Z; i TCEDES)E (52)

where we used the independence of {1}, V3, ...} and N(¢) and the independence of the ¥;’s between
themselves. Hence, letting

g(s) = ("), (53)
for the moment generation function of random variables Y¥;, we find from Eq. (52) the moment
generation function J,(s, ) of the fractional compound Poisson process

wﬂ) >, (k+n)! (—vet)* .
; . ; 0 Takrm w1y bn0 (el = 1)) (54)
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Upon differentiation of the above, it easy follows, for example, that the mean of the fractional
compound Poisson process is

0 Wi

X Oy = 757uls:0) o (Y>ymu (55)

which is manifestation of independency of fractional Poisson process and random variables Y.

5. Conclusions

To explain empirically observed power law asymptotic behavior of probability distribution
function of interarrival times we propose non-Markov fractional Poisson model based on frac-
tional generalization of the Kolmogorov—Feller equation. We obtain analytical expression for the
probability P,(n,?) (see Eq. (25)) that in the time interval [0,¢] we observe n events governed by
fractional Poisson stream with fractality parameter y, 0 < u< 1. The probability P,(n,?) is frac-
tional generalization of the well known Poisson probability and is transformed to it at u = 1.
Because of property of the Mittag-Leffler function E,(z) = ¢* the Markov property of the stan-
dard Poisson process is reconstructed at g = 1. Thus, all new general equations developed in the
paper in the limit case u =1 are transformed into the well known equations concerned the
standard Poisson random process.

One of an important feature of a counting random process is statistics of its interarrival times.
It is well known that the Poisson model predicts the exponential probability distribution of in-
terarrival times. The developed fractional Poisson model predicts power law behavior of inter-
arrival times probability distribution (see Egs. (38) and (44)). The network communication traffic
is an example of counting process with power law asymptotics of interarrival time distribution.
Thus, the fractional Poisson process can be applied to statistical analysis data collected from
different network communication systems.

To show how one can work with the fractional Poisson process we define the fractional
compound Poisson process and obtain analytical expression for its moment generation function.
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