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1 Ââåäåíèå

Ìàòðèöû, êîòîðûå ìû áóäåì ðàññìàòðèâàòü, ñîîòâåòñòâóþò îïåðàòîðàì â ïðîñòðàí-
ñòâå ôîðìàëüíûõ ñòåïåííûõ ðÿäîâ íàä ïîëåì äåéñòâèòåëüíûõ ÷èñåë. Èñõîäÿ èç ýòî-
ãî, ñòðîêàì è ñòîëáöàì ìàòðèö ïîñòàâèì â ñîîòâåòñòâèå ïðîèçâîäÿùèå ôóíêöèè èõ
ýëåìåíòîâ, ò.å. ôîðìàëüíûå ñòåïåííûå ðÿäû. Òàêèì îáðàçîì, âûðàæåíèå Aa (x) =
b (x) îçíà÷àåò, ÷òî âåêòîð-ñòîëáåö, óìíîæàåìûé íà ìàòðèöó A, èìååò ïðîèçâîäÿùóþ
ôóíêöèþ a (x) =

∑∞
n=0 anx

n, ðåçóëüòèðóþùèé âåêòîð-ñòîëáåö èìååò ïðîèçâîäÿùóþ
ôóíêöèþ b (x) =

∑∞
n=0 bnx

n. n-é êîýôôèöèåíò ðÿäà a (x) îáîçíà÷èì [xn] a (x). (n,m)-
é ýëåìåíò, n-þ ñòðîêó è n-é ñòîëáåö ìàòðèöû A áóäåì îáîçíà÷àòü ñîîòâåòñòâåííî
An,m = (A)n,m, [n,→]A, Axn.

Ìàòðèöà (f (x) , xg (x)), n-é ñòîëáåö êîòîðîé èìååò ïðîèçâîäÿùåþ ôóíêöèþ
f (x) xngn (x) íàçûâàåòñÿ ìàòðèöåé Ðèîðäàíà [2,11]. Îíà ÿâëÿåòñÿ ïðîèçâåäåíèåì
äâóõ ìàòðèö, êîòîðûå ñîîòâåòñòâóþò îïåðàòîðàì óìíîæåíèÿ è êîìïîçèöèè ðÿäîâ:

(f (x) , xg (x)) = (f (x) , x) (1, xg (x)) ,

(f (x) , x) a (x) = f (x) a (x) , (1, xg (x)) a (x) = a (xg (x)) ,

(f (x) , xg (x)) (b (x) , xa (x)) = (f (x) b (xg (x)) , xg (x) a (xg (x))) .

Ìàòðèöû (f (x) , xg (x)), f0 ̸= 0, g0 ̸= 0, îáðàçóþò ãðóïïó, êîòîðàÿ íàçûâàåòñÿ
ãðóïïîé Ðèîðäàíà. Ìàòðèöû âèäà (f (x) , x), îáðàçóþò íîðìàëüíóþ ïîäãðóïïó, íàçû-
âàåìóþ ïîäãðóïïîé Àïïåëÿ, ìàòðèöû âèäà (1, xg (x)) îáðàçóþò ïîäãðóïïó, íàçûâàå-
ìóþ ïîäãðóïïîé Ëàãðàíæà. Ïîäãðóïïà ìàòðèö (g (x) , xg (x)), èçîìîðôíàÿ ïîäãðóïïå
Ëàãðàíæà, íàçûâàåòñÿ ïîäãðóïïîé Áåëëà.

Ìàòðèöû
|ex|−1 (f (x) , xg (x)) |ex| = (f (x) , xg (x))E,

ãäå |ex| � äèàãîíàëüíàÿ ìàòðèöà: |ex|xn = xn/n! , íàçûâàþòñÿ ýêñïîíåíöèàëüíû-
ìè ìàòðèöàìè Ðèîðäàíà [23,25]. Â ñâÿçè ñ ýòèì, ìàòðèöû (f (x) , xg (x)) íàçûâàþòñÿ
îáûêíîâåííûìè ìàòðèöàìè Ðèîðäàíà. Îáîçíà÷èì [n,→] (f (x) , xg (x))E = sn (x). Òî-
ãäà

∞∑
n=0

sn (φ)

n!
xn = f (x) exp (φxg (x)) .

Â îáùåì ñëó÷àå (íî ïðè f0, g0 ̸= 0) ïîñëåäîâàòåëüíîñòü ïîëèíîìîâ sn (x) íàçûâàåòñÿ
ïîñëåäîâàòåëüíîñòüþ Øåôôåðà; â ñëó÷àå g (x) = 1 � ïîñëåäîâàòåëüíîñòüþ Àïïåëÿ,
â ñëó÷àå f (x) = 1 � áèíîìèàëüíîé ïîñëåäîâàòåëüíîñòüþ. Ñâîéñòâà ïîñëåäîâàòåëüíî-
ñòåé Øåôôåðà ÿâëÿþòñÿ ïðåäìåòîì èçó÷åíèÿ òåíåâîãî èñ÷èñëåíèÿ [19].

Ìàòðèöà P , ñòåïåíü êîòîðîé îïðåäåëÿåòñÿ òîæäåñòâîì

Pφ =

(
1

1− φx
,

x

1− φx

)
= (eφx, x)E,
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íàçûâàåòñÿ ìàòðèöåé Ïàñêàëÿ.
Ìàòðèöû

|c (x)|−1 (f (x) , xg (x)) |c (x)| = (f (x) , xg (x))c(x)

ãäå |c (x)| � äèàãîíàëüíàÿ ìàòðèöà: |c (x)| xn = cnx
n, cn ̸= 0, íàçûâàþòñÿ îáîáùåííûìè

ìàòðèöàìè Ðèîðäàíà [23] (äðóãèå âàðèàíòû: (c)-ìàòðèöû Ðèîðäàíà [8], W -ìàòðèöû
Ðèîðäàíà [24]). Îáîçíà÷èì [n,→] (f (x) , xg (x))c(x) = ŝn (x). Òîãäà

∞∑
n=0

cnŝn (φ) x
n = f (x) c (φxg (x)) .

Ïîñëåäîâàòåëüíîñòü {ŝn (x)}n≥0 íàçûâàåòñÿ îáîáùåííîé ïîñëåäîâàòåëüíîñòüþ Øåô-
ôåðà, ïîñëåäîâàòåëüíîñòü {cnŝn (x)}n≥0 íàçûâàåòñÿ ïîñëåäîâàòåëüíîñòüþ Áîàñà-Áàêà.
Ñâîéñòâà ýòèõ ïîñëåäîâàòåëüíîñòåé ÿâëÿþòñÿ ïðåäìåòîì èçó÷åíèÿ íåêëàññè÷åñêîãî
òåíåâîãî èñ÷èñëåíèÿ [19].

Ìàòðèöà Ïàñêàëÿ äàåò ïðèìåð íåîäíîçíà÷íîñòè, êîòîðàÿ âîçíèêàåò ïðè êëàññè-
ôèêàöèè îáîáùåííûõ ìàòðèö Ðèîðäàíà. Îíà ÿâëÿåòñÿ ýëåìåíòîì êàê îáûêíîâåííîé,
òàê è ýêñïîíåíöèàëüíîé ãðóïïû Ðèîðäàíà. Ïðîáëåìà, âûçâàííàÿ ýòîé íåîäíîçíà÷íî-
ñòüþ, ðåøàåòñÿ â ñòàòüå [3] . Ýòà ñòàòüÿ ñîäåðæèò ïåðå÷åíü âñåõ òðîåê ðÿäîâ f1 (x),
g1 (x), c (x), f1 (0) = 1, g1 (0) ̸= 0, òàêèõ ÷òî

(f1 (x) , xg1 (x))c(x) = (f2 (x) , xg2 (x)) (1)

è ñîîòâåòñòâåííî

(f1 (x) , xg1 (x)) = (f2 (x) , xg2 (x))c̃(x), c̃ (x) =
∞∑
n=0

xn

cn
.

Â [3] óðàâíåíèå (1) ïðåäñòàâëåíî â áîëåå ïðîñòîì âèäå. Ïóñòü D � ìàòðèöà îïåðàòîðà
äèôôåðåíöèðîâàíèÿ, Dxn = nxn−1. Îáîçíà÷èì (x, x)D = D̃, D̃xn = nxn. Òàê êàê

D (f (x) , x) = (f (x) , x)D + (f ′ (x) , x) , D (1, xg (x)) =
(
(xg (x))′, xg (x)

)
D,

òî (f (x) , xg (x)) D̃ = L (f (x) , xg (x)), ãäå

L =

(
g (x)

(xg (x))′
, x

)
D̃ −

(
xg (x) f ′ (x)

(xg (x))′f (x)
, x

)
.

Òàêèì îáðàçîì, óðàâíåíèå (1) ñâîäèòñÿ ê óðàâíåíèþ |c (x)|−1L1 |c (x)| = L2.
Äëÿ ôèêñèðîâàííîãî m ≥ 1 îáîçíà÷èì

c∗ (x) =
∞∑
n=0

c∗nx
n, c∗0 = 1, c∗km+i = (c∗m)

kc∗i , k ≥ 0, 0 ≤ i < m.

Âñå ðåøåíèÿ óðàâíåíèÿ (1) ñîäåðæàòñÿ â ñëåäóþùèõ øåñòè ïóíêòàõ, íåêîòîðûå èç
êîòîðûõ ïåðåñåêàþòñÿ (ìû îãðàíè÷èìñÿ óñëîâèåì g (0) = 1):
1.

c (x) = c∗ (x) ,

(f (xm) , xg (xm))c(x) = (f (xm/cm ) , xg (xm/cm )) .

2.
cn0 = 1, cn = φc∗n, n0 = 0; cn0 = φc∗n0

, cn = c∗n, n0 > 0,(
g−n0 (xm) , xg (xm)

)
c(x)

=
(
g−n0 (xm/cm ) , xg (xm/cm )

)
,
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ãäå g (x) = 1 +
∑∞

n=q gnx
n, q > 0, gq ̸= 0, n0 < qm.

3.

km+i =

{
(cm)

kci, åñëè i ̸= i0 èëè i = i0, k ≤ k0,

(cm)
k−k0−1cn0+m, åñëè i = i0, k > k0,

ãäå n0 = k0m+ i0, k0 ≥ 0, 0 ≤ i0 < m, n0 > 0,(
(1 + φxm)

n0
m , x(1 + φxm)−

1
m

)
c(x)

=

((
1 +

φ

cm
xm

)n0
m

, x

(
1 +

φ

cm
xm

)− 1
m

)
.

4.

ckm+i =
1

(α + i/m )k
(αcm)

kci,

ãäå (α)k = α (α + 1) ... (α+ k − 1), α ̸= −n/m , n ≥ 0 ,

(
exp

( φ
m
xm
)
, x
)
c(x)

=

((
1− φ

mαcm
xm

)−α

, x

(
1− φ

mαcm
xm

)− 1
m

)
.

5.

ckm+i =
(β + i/m )k
(α + i/m )k

(
αcm
β

)k

ci,

α ̸= β, α, β ̸= −n/m , n ≥ 0,(
(1 + φxm)−

b
m , x(1 + φxm)−

1
m

)
c(x)

= (f2 (x) , xg2 (x)) ,

f2 (x) =

(
1 +

φ

cm

(
1 +

(b+ 1) (β − α)

α (1 +mβ)

)
xm

)− b

m(1+ (b+1)(β−α)
α(1+mβ) ) ,

g2 (x) =

(
1 +

φ

cm

(
1 +

(b+ 1) (β − α)

α (1 +mβ)

)
xm

)− 1
m

,

b ̸= −n, n ≥ 0. Åñëè b = mβ, òî(
(1 + φxm)−β, x(1 + φxm)−

1
m

)
c(x)

=

((
1 +

φβ

αcm
xm

)−α

, x

(
1 +

φβ

αcm
xm

)− 1
m

)
.

6.

ckm+i =
β + i/m

β + k + i/m

(
β + 1

β
cm

)k

ci,

β ̸= −n/m , n ≥ 0,(
gmβ (xm) , xg (xm)

)
c(x)

=
(
(xg (xm/β∗cm ))′gmβ−1 (xm/β∗cm ) , xg (xm/β∗cm )

)
,

ãäå β∗ = (β + 1)/β . Åñëè ïîëîæèòü ci = β/(β + i/m ) , cm = β/(β + 1) , òî cn =

mβ/(mβ + n) . Îòìåòèì ïåðåñå÷åíèå ñ ïóíêòîì 5: g (xm) = (1 + φxm)−1/m , α = β+1.
Ñ îáîáùåííûìè ìàòðèöàìè Ðèîðäàíà ñâÿçàíî ñëåäóþùåå îáîáùåíèå áèíîìèàëü-

íûõ êîýôôèöèåíòîâ [7]. Äëÿ êîýôôèöèåíòîâ ôîðìàëüíîãî ñòåïåííîãî ðÿäà b (x),
b0 = 0; bn ̸= 0, n > 0, îáîçíà÷èì

b0! = 1, bn! =
n∏

m=1

bm,

(
n
m

)
b

=
bn!

bm!bn−m!
;

(
n
m

)
b

= 0, m > n.

Òîãäà (
n
m

)
b

=

(
n− 1
m− 1

)
b

+
bn − bm
bn−m

(
n− 1
m

)
b

.
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Îáîçíà÷èì
Pc(x) = (c (x) , x)c(x), Pc(x)x = b (x) .

Òîãäà

bn =
c1cn−1

cn
, cn =

cn1
bn!

,
(
Pc(x)

)
n,m

=
cmcn−m

cn
=

(
n
m

)
b

.

Â îáùåì ñëó÷àå äëÿ îáîáùåííûõ áèíîìèàëüíûõ êîýôôèöèåíòîâ áóäåì èñïîëü-
çîâàòü îáîçíà÷åíèå

(
Pc(x)

)
n,m

=
(
n
m

)
c(x)

. Â ðàçëè÷íûõ êîíêðåòíûõ ñëó÷àÿõ áóäåì èñ-

ïîëüçîâàòü àëüòåðíàòèâíûå îáîçíà÷åíèÿ. Òàê êàê Pc(x) = Pc(φx), ïðèìåì äëÿ îäíî-
çíà÷íîñòè, ÷òî c1 = 1. Ìàòðèöó Pc(x) íàçîâåì îáîáùåííîé ìàòðèöåé Ïàñêàëÿ. Êàæäîé
ìàòðèöå Pc(x) ïîñòàâèì â ñîîòâåòñòâèå îáîáùåííóþ ãðóïïó Ðèîðäàíà, ýëåìåíòîì êî-
òîðîé îíà ÿâëÿåòñÿ. Ðÿä c (x) íàçîâåì ïàðàìåòðîì ãðóïïû, ìàòðèöó Pc(x) íàçîâåì
öåíòðàëüíûì ýëåìåíòîì ãðóïïû. Ñîãëàñíî ïóíêòó 5 ìíîæåñòâà ðåøåíèé óðàâíåíèÿ
(1), ìàòðèöà Ïàñêàëÿ ÿâëÿåòñÿ ýëåìåíòîì êàæäîé îáîáùåííîé ãðóïïû Ðèîðäàíà ñ

ïàðàìåòðîì c (x) = (1 + φx)1/φ , φ ̸= 1/n , n ≥ 0:

P =

(
(1 + φx)

1
φ ,

x

1 + φx

)
c(x)

= Pc(x)

(
1,

x

1 + φx

)
c(x)

.

Ýêñïîíåíöèàëüíóþ ãðóïïó Ðèîðäàíà ìîæíî ðàññìàòðèâàòü êàê ïðåäåë ìíîæåñòâà
ýòèõ ãðóïï ïðè ñòðåìëåíèè φ ê íóëþ. Ïðè äîñòèæåíèè ýòîãî ïðåäåëà, ìàòðèöà Ïàñ-
êàëÿ ñòàíîâèòñÿ öåíòðàëüíûì ýëåìåíòîì ãðóïïû.

Öåëüþ íàñòîÿùåé ñòàòüè ÿâëÿåòñÿ ðàñøèðåíèå ìíîæåñòâà îáîáùåííûõ ìàòðèö
Ïàñêàëÿ çà ñ÷åò ìàòðèö îñîáîãî âèäà è ñîîòâåòñòâóþùåå ðàñøèðåíèå ìíîæåñòâà
îáîáùåííûõ ãðóïï Ðèîðäàíà çà ñ÷åò ãðóïï ñâÿçàííûõ ñ ýòèìè ìàòðèöàìè. Â ðàç-
äåëå 2 ìíîæåñòâî îáîáùåííûõ ìàòðèö Ïàñêàëÿ ðàññìàòðèâàåòñÿ êàê ãðóïïà îòíîñè-
òåëüíî óìíîæåíèÿ Àäàìàðà. Ââîäèòñÿ ñïåöèàëüíàÿ ñèñòåìà ìàòðèö, êîòîðàÿ âåäåò
ê ïðåäñòàâëåíèþ î ¾íóëåâûõ¿ îáîáùåííûõ ìàòðèöàõ Ïàñêàëÿ, êàæäàÿ èç êîòîðûõ
ÿâëÿåòñÿ ïðåäåëüíûì ñëó÷àåì îïðåäåëåííîãî ìíîæåñòâà îáîáùåííûõ ìàòðèö Ïàñ-
êàëÿ. Ïðîèçâåäåíèå Àäàìàðà òàêèõ ìàòðèö äðóã ñ äðóãîì è ñ îáû÷íûìè îáîáùåí-
íûìè ìàòðèöàìè Ïàñêàëÿ îáîçíà÷èì P0. Ïðèìåðàìè ìàòðèöû P0 ÿâëÿþòñÿ ìàòðèöà
q-áèíîìèàëüíûõ êîýôôèöèåíòîâ ïðè q = −1 è òðåóãîëüíèê Ïàñêàëÿ ïî ìîäóëþ 2.
Â ðàçäåëå 3 äàåòñÿ ïðåäñòàâëåíèå îá àëãåáðå ìàòðèö, ýëåìåíòîì êîòîðîé ÿâëÿåòñÿ
ìàòðèöà P0. Îáîçíà÷èì ýòó àëãåáðó [[P0]]. Â ðàçäåëàõ 3, 4 ðàññìàòðèâàþòñÿ íåêî-
òîðûå îñîáåííûå ãðóïïû â àëãåáðàõ [[P0]] ïðè îïðåäåëåííûõ P0. Â ðàçäåëå 5 äàåòñÿ
ïðåäñòàâëåíèå î ãðóïïå R (P0), àíàëîãè÷íîé îáîáùåííîé ãðóïïå Ðèîðäàíà R

(
Pc(x)

)
.

Äàåòñÿ àíàëîã òåîðåìû îáðàùåíèÿ Ëàãðàíæà äëÿ ýòîé ãðóïïû è ðàññìàòðèâàþòñÿ
ñîîòâåòñòâóþùèå ïðèìåðû.

2 Ñïåöèàëüíàÿ ñèñòåìà îáîáùåííûõ ìàòðèö Ïàñêà-

ëÿ

Ðàññìîòðèì ìíîæåñòâî ìàòðèö
(
a (x) |Pc(x)

)
, ãäå Pc(x) � ôèêñèðîâàííàÿ îáîáùåííàÿ

ìàòðèöà Ïàñêàëÿ, a (x) ∈ R [[x]],(
a (x) |Pc(x)

)
n,m

= an−m

(
Pc(x)

)
n,m

= an−m

(
n
m

)
c(x)

.

Òåîðåìà 2.1. Ìàòðèöû
(
a (x) |Pc(x)

)
îáðàçóþò àëãåáðó, èçîìîðôíóþ àëãåáðå ôîð-

ìàëüíûõ ñòåïåííûõ ðÿäîâ ñ îïåðàöèåé óìíîæåíèÿ

a (x) ◦ b (x) =
∞∑
n=0

(
n∑

i=0

(
n
i

)
c(x)

an−ibi

)
xn.
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Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî

φ
(
a (x) |Pc(x)

)
+ β

(
b (x) |Pc(x)

)
=
(
φa (x) + βb (x) |Pc(x)

)
.

Îáîáùåííûå áèíîìèàëüíûå êîýôôèöèåíòû óäîâëåòâîðÿþò òîæäåñòâó(
n

m+ i

)
c(x)

(
m+ i
m

)
c(x)

=

(
n
m

)
c(x)

(
n−m

i

)
c(x)

.

Ñëåäîâàòåëüíî, ñïðàâåäëèâî òîæäåñòâî

n−m∑
i=0

(
n

m+ i

)
c(x)

an−m−i

(
m+ i
m

)
c(x)

bi =

(
n
m

)
c(x)

n−m∑
i=0

(
n−m

i

)
c(x)

an−m−ibi,

èëè (
a (x) |Pc(x)

) (
b (x) |Pc(x)

)
=
(
a (x) ◦ b (x) |Pc(x)

)
. �

Çàìå÷àíèå 2.1. Îòìåòèì ÷òî(
a (x) |Pc(x)

)
= (a (c, x) , x)c(x), a (c, x) = |c (x)| a (x) .

Ñ òî÷êè çðåíèÿ òåîðèè îáîáùåííûõ ìàòðèö Ðèîðäàíà, àëãåáðà ìàòðèö
(
a (x) |Pc(x)

)
èçîìîðôíà àëãåáðå ïðîèçâîäÿùèõ ôóíêöèé a (c, x) =

∑∞
n=0 ancnx

n ñ îáû÷íîé îïåðà-
öèåé óìíîæåíèÿ

a (c, x) b (c, x) =
∞∑
n=0

(
n∑

i=0

(
n
i

)
c(x)

an−ibi

)
cnx

n.

Ìû âçÿëè çà îñíîâó äðóãîé èçîìîðôèçì, òàê êàê â äàëüíåéøåì íàìåðåíû îáîáùèòü
îïåðàöèþ a (x) ◦ b (x) íà ñëó÷àè, êîòîðûå âûõîäÿò çà ðàìêè ýòîé òåîðèè.

Ìíîæåñòâî îáîáùåííûõ ìàòðèö Ïàñêàëÿ ÿâëÿåòñÿ ãðóïïîé îòíîñèòåëüíî óìíî-
æåíèÿ Àäàìàðà (îáîçíà÷èì ýòó îïåðàöèþ çíàêîì ×):

Pc(x) × Pg(x) = Pc(x)×g(x), c (x)× g (x) =
∞∑
n=0

cngnx
n.

Ââåäåì ñèñòåìó ìàòðèö

Pφ,q = Pq (φ) = Pc(φ,q,x), c (φ, q, x) =

(
q−1∑
n=0

xn

)(
1− xq

φ

)−1

, q > 1.

Òîãäà
cqm+jcq(n−m)+i−j

cqn+i

=

{
φn/φmφn−m = 1, i ≥ j,

φn/φmφn−m−1 = φ, i < j,

èëè

(Pφ,q)n,m =

{
1, n (modq) ≥ m (modq) ,
φ, n (modq) < m (modq) .

Íàïðèìåð, Pφ,2, Pφ,3:

1 0 0 0 0 0 0 0 0 . . .
1 1 0 0 0 0 0 0 0 . . .
1 φ 1 0 0 0 0 0 0 . . .
1 1 1 1 0 0 0 0 0 . . .
1 φ 1 φ 1 0 0 0 0 . . .
1 1 1 1 1 1 0 0 0 . . .
1 φ 1 φ 1 φ 1 0 0 . . .
1 1 1 1 1 1 1 1 0 . . .
1 φ 1 φ 1 φ 1 φ 1 . . .
...

...
...

...
...

...
...

...
...

. . .


,



1 0 0 0 0 0 0 0 0 . . .
1 1 0 0 0 0 0 0 0 . . .
1 1 1 0 0 0 0 0 0 . . .
1 φ φ 1 0 0 0 0 0 . . .
1 1 φ 1 1 0 0 0 0 . . .
1 1 1 1 1 1 0 0 0 . . .
1 φ φ 1 φ φ 1 0 0 . . .
1 1 φ 1 1 φ 1 1 0 . . .
1 1 1 1 1 1 1 1 1 . . .
...

...
...

...
...

...
...

...
...

. . .


.
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Ýëåìåíòû ìàòðèöû Pφ,q × Pc(x) óäîâëåòâîðÿþò òîæäåñòâó(
Pφ,q × Pc(x)

)
n,m+i

(
Pφ,q × Pc(x)

)
m+i,m

=
(
Pφ,q × Pc(x)

)
n,m

(
Pφ,q × Pc(x)

)
n−m,i

ïðè ëþáûõ çíà÷åíèÿõ φ, ïîýòîìó èìååò ñìûñë ðàññìàòðèâàòü è ñëó÷àé φ = 0, òàê
êàê åìó ñîîòâåòñòâóåò àëãåáðà ìàòðèö

(
a (x) |Pq,0 × Pc(x)

)
,(

a (x) |P0,q × Pc(x)

)
n,m

= an−m

(
P0,q × Pc(x)

)
n,m

,

àíàëîãè÷íàÿ àëãåáðå ìàòðèö
(
a (x) |Pφ,q × Pc(x)

)
, φ ̸= 0, íî ñîäåðæàùàÿ äåëèòåëè

íóëÿ. Íàïðèìåð, (
xa
(
x2
)
|P0,2 × Pc(x)

) (
xb
(
x2
)
|P0,2 × Pc(x)

)
= 0.

ßñíî, ÷òî â ýòîì ñëó÷àå ðÿä c (φ, q, x) íå îïðåäåëåí. Ìàòðèöó P0,q×Pc(x), à òàêæå ïðî-
èçâåäåíèå Àäàìàðà òàêèõ ìàòðèö, íàçîâåì íóëåâîé îáîáùåííîé ìàòðèöåé Ïàñêàëÿ.
Ïðèìåð 2.1. Íóëåâàÿ îáîáùåííàÿ ìàòðèöà Ïàñêàëÿ ïîÿâëÿåòñÿ ïðè ðàññìîòðåíèè
ìíîæåñòâà ìàòðèö Pg(q,x):

(
Pg(q,x)

)
n,1

= [xn]
x

(1− x) (1− qx)
=

n−1∑
m=0

qm, q ∈ R.

Çäåñü g (0, x) = (1− x)−1, g (1, x) = ex. Â îñòàëüíûõ ñëó÷àÿõ (q-òåíåâîå èñ÷èñëåíèå
[19]), êðîìå q = −1,

g (q, x) =
∞∑
n=0

(q − 1)n

(qn − 1)!
xn, (qn − 1)! =

n∏
m=1

(qm − 1),
(
q0 − 1

)
! = 1.

Ìàòðèöû Pg(q,x), P
−1
g(q,x) ìîæíî òàêæå îïðåäåëèòü ñëåäóþùèì îáðàçîì:

Pg(q,x)x
n = xn

n∏
m=0

(1− qmx)−1, [n,→]P−1
g(q,x) =

n−1∏
m=0

(x− qm).

Ïðè q = −1 ïîëó÷àåì ìàòðèöû Pg(−1,x), P
−1
g(−1,x):

1 0 0 0 0 0 0 . . .
1 1 0 0 0 0 0 . . .
1 0 1 0 0 0 0 . . .
1 1 1 1 0 0 0 . . .
1 0 2 0 1 0 0 . . .
1 1 2 2 1 1 0 . . .
1 0 3 0 3 0 1 . . .
...

...
...

...
...

...
...

. . .


,



1 0 0 0 0 0 0 . . .
−1 1 0 0 0 0 0 . . .
−1 0 1 0 0 0 0 . . .
1 −1 −1 1 0 0 0 . . .
1 0 −2 0 1 0 0 . . .
−1 1 2 −2 −1 1 0 . . .
−1 0 3 0 −3 0 1 . . .
...

...
...

...
...

...
...

. . .


,

ãäå ðÿä g (−1, x) íå îïðåäåëåí. Òàê êàê

(
Pg(−1,x)

)
2n+i,2m+j

=
[
x2n+i

] (1 + x)1−jx2m+j

(1− x2)m+1 =


(
n
m

)
, i ≥ j,

0, i < j,
i, j = 0, 1,

òî
Pg(−1,x) = P 0,2 × Pc(x), c (x) = (1 + x) ex

2

:

c2n+i =
1

n!
, 0 ≤ i < 2; c2n−i =

1

(n− 1)!
, 0 < i ≤ 2,
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(
Pc(x)

)
2n+i,2m+j

=


(
n
m

)
, i ≥ j,

n

(
n− 1
m

)
, i < j.

Çàìå÷àíèå 2.2. Ìàòðèöà Pg(−1,x) ýòî À051159, [20]. Â [10] ýòà ìàòðèöà íàçâàíà òðå-
óãîëüíèêîì Ïàóëè-Ïàñêàëÿ ïî ñëåäóþùåé ïðè÷èíå. Ïóñòü σx, σy � ñïèíîâûå ìàòðèöû
Ïàóëè: σ2

x = σ2
y = 1, σxσy = −σyσx. Òîãäà

(σx + σy)
n =

n∑
m=0

(
Pg(−1,x)

)
n,m

σn−m
x σm

y .

Êàæäàÿ ¾íåíóëåâàÿ¿ îáîáùåííàÿ ìàòðèöà Ïàñêàëÿ ðàñêëàäûâàåòñÿ â ïðîèçâå-
äåíèå Àäàìàðà ìàòðèö Pφ,q. Ðàçëîæåíèå ñâîäèòñÿ ê ðàçëîæåíèþ ïåðâîãî ñòîëáöà
ìàòðèöû Pc(x), � îáîçíà÷èì åãî b (x), � â ïðîèçâåäåíèå Àäàìàðà ïåðâûõ ñòîëáöîâ
ìàòðèö Pφ,q, � îáîçíà÷èì èõ bφ,q (x):

[xn] bφ,q (x) =

{
1, n (modq) ̸= 0,
φ, n (modq) = 0,

òàê ÷òî

Pc(x) = P2 (b2)× P3 (b3)× P4 (b4/b2 )× P5 (b5)× P6 (b6/b2b3 )× P7 (b7)×

×P8 (b8/b4 )× P9 (b9/b3 )× P10 (b10/b2b5 )× P11 (b11)× P12 (b12b2/b4b6 )× ...

è ò.ä. Ïóñòü eq � áàçèñíûé âåêòîð áåñêîíå÷íîìåðíîãî âåêòîðíîãî ïðîñòðàíñòâà íàä
ïîëåì äåéñòâèòåëüíûõ ÷èñåë, íóìåðàöèÿ áàçèñíûõ âåêòîðîâ êîòîðîãî íà÷èíàåòñÿ ñ
äâîéêè. Îòîáðàæåíèå ìíîæåñòâà îáîáùåííûõ ìàòðèö Ïàñêàëÿ â áåñêîíå÷íîìåðíîå
âåêòîðíîå ïðîñòðàíñòâî, òàêîå, ÷òî Pφ,q → eq log |φ|, ÿâëÿåòñÿ ãðóïïîâûì ãîìîìîð-
ôèçìîì, ÿäðî êîòîðîãî ñîñòîèò èç âñåõ èíâîëþöèé ãðóïïû îáîáùåííûõ ìàòðèö Ïàñ-
êàëÿ, ò.å. èç ìàòðèö, íåíóëåâûå ýëåìåíòû êîòîðûõ ðàâíû ±1. Òàêèì îáðàçîì, ìíîæå-
ñòâî îáîáùåííûõ ìàòðèö Ïàñêàëÿ, ýëåìåíòàìè êîòîðûõ ÿâëÿþòñÿ íåîòðèöàòåëüíûå
÷èñëà, ÿâëÿåòñÿ áåñêîíå÷íîìåðíûì âåêòîðíûì ïðîñòðàíñòâîì. Íóëåâûå îáîáùåííûå
ìàòðèöû Ïàñêàëÿ ìîæíî ðàññìàòðèâàòü êàê áåñêîíå÷íî óäàëåííûå òî÷êè ïðîñòðàí-
ñòâà.

Âòîðàÿ ñïåöèàëüíàÿ ñèñòåìà îáîáùåííûõ ìàòðèö Ïàñêàëÿ P[φ,q] ñâÿçàíà ñ ñèñòå-
ìîé ìàòðèö Pφ,q ñëåäóþùèì îáðàçîì:

P[φ,q] = Pφ,q × Pφ,q2 × Pφ,q3 × ... =
∞∏
k=1

×Pφ,qk .

Â [4] ìàòðèöû P[φ,q] íàçâàíû ôðàêòàëüíûìè îáîáùåííûìè ìàòðèöàìè Ïàñêàëÿ èç-çà
èõ ôðàêòàëüíûõ ñâîéñòâ. Îáîçíà÷èì P[q,q] = P[q]. Íàïðèìåð,
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P[2] =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .
1 2 1 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 . . .
1 4 2 4 1 0 0 0 0 0 0 0 0 0 0 0 . . .
1 1 2 2 1 1 0 0 0 0 0 0 0 0 0 0 . . .
1 2 1 4 1 2 1 0 0 0 0 0 0 0 0 0 . . .
1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 . . .
1 8 4 8 2 8 4 8 1 0 0 0 0 0 0 0 . . .
1 1 4 4 2 2 4 4 1 1 0 0 0 0 0 0 . . .
1 2 1 8 2 4 2 8 1 2 1 0 0 0 0 0 . . .
1 1 1 1 2 2 2 2 1 1 1 1 0 0 0 0 . . .
1 4 2 4 1 8 4 8 1 4 2 4 1 0 0 0 . . .
1 1 2 2 1 1 4 4 1 1 2 2 1 1 0 0 . . .
1 2 1 4 1 2 1 8 1 2 1 4 1 2 1 0 . . .
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 . . .
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
. . .



.

Ðÿä P[q]x ÿâëÿåòñÿ ïðîèçâîäÿùåé ôóíêöèåé ðàñïðåäåëåíèÿ äåëèòåëåé qk â ðÿäó íà-
òóðàëüíûõ ÷èñåë. Íàïðèìåð,

P[2]x = x+ 2x2 + x3 + 4x4 + x5 + 2x6 + x7 + 8x8 + x9 + 2x10 + x11 + 4x12 + ...,

P[3]x = x+ x2 + 3x3 + x4 + x5 + 3x6 + x7 + x8 + 9x9 + x10 + x11 + 3x12 + ....

Òàê êàê ðÿä Px ÿâëÿåòñÿ ïðîèçâîäÿùåé ôóíêöèåé ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ
÷èñåë, òî

P =
∞∏
k=1

×P[pk],

ãäå {pk}k≥1 ïîñëåäîâàòåëüíîñòü ïðîñòûõ ÷èñåë. Îòìåòèì ÷òî P[q] = Pc(x),

c (x) =

(
q−1∑
n=0

xn

)
c

(
xq

q

)
=

∞∏
n=0

wq

(
xqn/q

qn−1
q−1

)
, wq (x) =

(
q−1∑
n=0

xn

)
.

Ìàòðèöû P[b], ïîä îáùèì íàçâàíèåì b-áèíîìèàëüíûé òðåóãîëüíèê, áûëè ââåäåíû
â [1] â ñâÿçè ñ îáîáùåíèåì òåîðåì î äåëèìîñòè áèíîìèàëüíûõ êîýôôèöèåíòîâ.

Íóëåâûå ôðàêòàëüíûå îáîáùåííûå ìàòðèöû Ïàñêàëÿ P[0,q] áóäóò ðàññìîòðåíû â
ðàçäåëå 5.

3 Àëãåáðà [[P0]]

Ïóñòü P0� íóëåâàÿ îáîáùåííàÿ ìàòðèöà Ïàñêàëÿ îáùåãî âèäà. Îáîçíà÷èì

(P0)n,m =

(
n
m

)
0

, (a (x) |P0)n,m = an−m

(
n
m

)
0

,

(a (x) |P0) (b (x) |P0) = (a (x) ◦ b (x) |P0) , (a (x) |P0)
n =

(
a(n) (x) |P0

)
.

Äëÿ ñëó÷àÿ a0 = 1 îïðåäåëèì ñòåïåíü è ëîãàðèôì ìàòðèöû (a (x) |P0) ñòàíäàðòíûì
îáðàçîì:

(a (x) |P0)
φ =

∞∑
n=0

(
φ
n

)
(a (x)− 1|P0)

n =
(
a(φ) (x) |P0

)
,
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log (a (x) |P0) =
∞∑
n=1

(−1)n−1

n
(a (x)− 1|P0)

n = (log ◦a (x) |P0) .

Äëÿ ñëó÷àÿ b0 = 0 îïðåäåëèì ýêñïîíåíòó:

exp (b (x) |P0) =
∞∑
n=0

(b (x) |P0)
n

n!
= (exp ◦b (x) |P0) .

Òîãäà (
a(φ) (x) |P0

)
=

∞∑
n=0

φn

n!
(log ◦a (x) |P0)

n.

Àëãåáðó ìàòðèö (a (x) |P0) îáîçíà÷èì [[P0]]. Àëãåáðó ôîðìàëüíûõ ñòåïåííûõ ðÿ-
äîâ, èçîìîðôíóþ àëãåáðå [[P0]], îáîçíà÷èì [[P0, a (x)]]. Äëÿ ýòîé àëãåáðû ìû èìååì:

a(φ) (x) =
∞∑
n=0

(
φ
n

)
(a (x)− 1)(n), log ◦a (x) =

∞∑
n=1

(−1)n−1

n
(a (x)− 1)(n),

exp ◦b (x) =
∞∑
n=0

b(n) (x)

n!
, a(φ) (x) =

∞∑
n=0

φn

n!
(log ◦a (x))(n) =

∞∑
n=0

cn (φ) x
n,

ãäå cn (φ) ïîëèíîìû îò φ ñòåïåíè ≤ n, àíàëîãè÷íûå ïîëèíîìàì ñâåðòêè [13],

a(φ) (x) ◦ a(β) (x) = a(φ+β) (x) , a(φ) (x) ◦ b(φ) (x) = (a (x) ◦ b (x))(φ),

log ◦a(φ) (x) = φ log ◦a (x) , log ◦ (a (x) ◦ b (x)) = log ◦a (x) + log ◦b (x) .

Ïóñòü D � ìàòðèöà îïåðàòîðà äèôôåðåíöèðîâàíèÿ. Òàê êàê (x, x)D � äèàãîíàëü-
íàÿ ìàòðèöà, èç òîæäåñòâà

(x, x)D (a (x) , x) = (a (x) , x) (x, x)D + (xa′ (x) , x)

ñëåäóåò òîæäåñòâî

(x, x)D (a (x) |P0) = (a (x) |P0) (x, x)D + (xa′ (x) |P0) .

Äëÿ àëãåáðû [[P0, a (x)]] ìû èìååì:

x(a (x) ◦ b (x))′ = a (x) ◦ xb′ (x) + xa′ (x) ◦ b (x) ,

x
(
a(n) (x)

)′
= na(n−1) (x) ◦ xa′ (x) ,

x
(
a(φ) (x)

)′
= xa′ (x) ◦ φ

∞∑
n=1

(
φ− 1
n− 1

)
(a (x)− 1)(n−1) = φa(φ−1) (x) ◦ xa′ (x) ,

x(log ◦a (x))′ = xa′ (x) ◦
∞∑
n=1

(−1)n−1(a (x)− 1)(n−1) = xa′ (x) ◦ a(−1) (x) .

Ïóñòü P0 = P0,q,
(
n
m

)
0
=
(
n
m

)
0,q
.

Òåîðåìà 3.1. Ìàòðèöû (xqp+i|P 0,q), q − ⌊q/2 ⌋ ≤ i < q, îáðàçóþò çàìêíóòóþ
ñèñòåìó äåëèòåëåé íóëÿ, ò.å. ïðîèçâåäåíèÿ èõ äðóã ñ äðóãîì è ñ ñàìèìè ñîáîé ðàâíû
íóëþ.
Äîêàçàòåëüñòâî. Òàê êàê

[xn] a (x) ◦ b (x) =
n∑

m=0

(
n
m

)
0,q

ambn−m,
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òî

xqp1+i ◦ xqp2+j =

(
q (p1 + p2) + i+ j

qp1 + i

)
0,q

xq(p1+p2)+i+j.

Ïóñòü i = q − ĩ, j = q − j̃, 0 < ĩ, j̃ ≤ ⌊q/2 ⌋. Òîãäà (i+ j) (modq) = q − ĩ − j̃. Òàêèì
îáðàçîì, åñëè q − ⌊q/2 ⌋ ≤ i, j < q, òî (i+ j) (modq) < i, èëè

(q (p1 + p2) + i+ j) (modq) < (qp1 + i) (modq) ,(
q (p1 + p2) + i+ j

qp1 + i

)
0,q

= 0. �

Òàêèì îáðàçîì, ðÿä âèäà

ηq (x) =
∞∑
n=0

q−1∑
i=q−⌊q/2 ⌋

ηqn+ix
qn+i (2)

ÿâëÿåòñÿ íèëüïîòåíòîì âòîðîãî ïîðÿäêà. Ðÿä âèäà ωq (x) = 1+ηq (x) ÿâëÿåòñÿ óíèïî-
òåíòîì è ìîæåò áûòü ïðåäñòàâëåí â âèäå ωq (x) = 1+ log ◦ωq (x). Ýòè ðÿäû îáðàçóþò
ãðóïïó, ýëåìåíòû êîòîðîé óìíîæàþòñÿ ïî ïðàâèëó

ωq,1 (x) ◦ ωq,2 (x) = 1 + log ◦ (ωq,1 (x) ◦ ωq,2 (x)) .

Äëÿ àëãåáðû, ñâÿçàííîé ñ ïðîèçâåäåíèåì Àäàìàðà ìàòðèö P0,q, ñïðàâåäëèâî ñëå-
äóþùåå îáîáùåíèå. Ìíîæåñòâî ðÿäîâ âèäà (2) îáîçíà÷èì {ηq (x)}. Òîãäà ìàòðèöà
(ηqi (x) |

∏n
k=1×P0,qk), 1 ≤ i ≤ n, ÿâëÿåòñÿ íèëüïîòåíòîì âòîðîãî ïîðÿäêà, ìàòðèöà(

ηqi (x) + ηqj (x) |
∏n

k=1×P0,qk

)
, ηqi (x), ηqj (x) /∈ {ηqi (x)}

∩{
ηqj (x)

}
, ÿâëÿåòñÿ íèëüïî-

òåíòîì òðåòüåãî ïîðÿäêà, . . . , ìàòðèöà (
∑n

i=1 ηqi (x)|
∏n

k=1×P0,qk), ηqi (x) /∈
{ηqi (x)}

∩{
ηqj (x)

}
, i ̸= j, ÿâëÿåòñÿ íèëüïîòåíòîì n + 1 ïîðÿäêà. Àëãåáðà, ñâÿçàí-

íàÿ ñ áåñêîíå÷íûì ïðîèçâåäåíèåì Àäàìàðà ìàòðèö P0,q, ñîäåðæèò íèëüïîòåíòû ëþ-
áûõ ïîðÿäêîâ, íî òîëüêî â ñëó÷àå åñëè ýòî ïðîèçâåäåíèå íå ñîäåðæèò ìíîæèòåëü∏∞

i=1×P0,q+i. Íàïðèìåð, àëãåáðû, ñâÿçàííûå ñ ìàòðèöàìè

∏∞

q=2
×P0,q=



1 0 0 0 0 · · ·
1 1 0 0 0 · · ·
1 0 1 0 0 · · ·
1 0 0 1 0 · · ·
1 0 0 0 1 · · ·
...

...
...

...
...

. . .


,

∏∞

q=3
×P0,q=



1 0 0 0 0 · · ·
1 1 0 0 0 · · ·
1 1 1 0 0 · · ·
1 0 0 1 0 · · ·
1 0 0 0 1 · · ·
...

...
...

...
...

. . .


,

ñîäåðæàò íèëüïîòåíòû ñîîòâåòñòâåííî òîëüêî âòîðîãî ïîðÿäêè è òîëüêî âòîðîãî è
òðåòüåãî ïîðÿäêà.

Â äâóõ ñëåäóþùèõ ðàçäåëàõ ìû ðàññìîòðèì êîíñòðóêöèè, ñâÿçàííûå ñ ðÿäàìè
âèäà a (xm). Îòìåòèì ÷òî òàê êàê [xmn+i] a (xm) ◦ b (xm) = 0, 0 < i < m, òî ìàòðèöû
(a (xm) |P0) îáðàçóþò ïîäàëãåáðó àëãåáðû [[P0]]. Â îáùåì ñëó÷àå îíà íå èçîìîðôíà
àëãåáðå [[P0]]. Â ðàçäåëå 5 ìû îáíàðóæèì òàêèå èçîìîðôèçìû â àëãåáðå

[[
P[0,q]

]]
. Íî

ýòîò ñëó÷àé ÿâëÿåòñÿ èñêëþ÷èòåëüíûì, îáóñëîâëåííûì ôðàêòàëüíûìè ñâîéñòâàìè
ìàòðèöû P[0,q].

4 Áëî÷íûå ãðóïïû

Áëî÷íûå ìàòðèöû ÿâëÿþòñÿ àòðèáóòîì àëãåáð, ñâÿçàííûõ ñ ìàòðèöåé P0,q. Îáîçíà-

÷èì [b (x)]q =
∑q−1

n=0 bnx
n. Ìàòðèöà

(
[b (x)]qa (x

q) |P0,q

)
ÿâëÿåòñÿ áëî÷íîé ìàòðèöåé,
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(n,m)-ì áëîêîì êîòîðîé ÿâëÿåòñÿ ìàòðèöà an−m(b (x) , x)q, ãäå (b (x) , x)q ìàòðèöà ñî-
ñòîÿùàÿ èç q ïåðâûõ ñòðîê ìàòðèöû (b (x) , x). Íàïðèìåð,

(
[b (x)]3a

(
x3
)
|P0,3

)
=



a0b0 0 0 0 0 0 . . .
a0b1 a0b0 0 0 0 0 . . .
a0b2 a0b1 a0b0 0 0 0 . . .
a1b0 0 0 a0b0 0 0 . . .
a1b1 a1b0 0 a0b1 a0b0 0 . . .
a1b2 a1b1 a1b0 a0b2 a0b1 a0b0 . . .
...

...
...

...
...

...
. . .


.

Ñëåäîâàòåëüíî, åñëè a0 ̸= 0, b0 ̸= 0, ýòè ìàòðèöû îáðàçóþò ãðóïïó, ýëåìåíòû êîòîðîé
óìíîæàþòñÿ ïî ïðàâèëó(

[b1 (x)]qa1 (x
q) |P0,q

)(
[b2 (x)]qa2 (x

q) |P0,q

)
=
(
[b1 (x) b2 (x)]qa1 (x

q) a2 (x
q) |P0,q

)
.

Îòìåòèì ïåðåñå÷åíèå ýòîé ãðóïïû ñ ãðóïïîé Ðèîðäàíà:

(a (xq) |P0,q) = (a (xq) , x) .

Òåîðåìà 4.1.

log
(
[b (x)]qa (x

q) |P0,q

)
=
(
[log b (x)]q + log a (xq) |P0,q

)
.

Äîêàçàòåëüñòâî. Òàê êàê(
[b (x)]qa (x

q) |P0,q

)
=
(
[b (x)]q|P0,q

)
(a (xq) |P0,q) ,

òî
[b (x)]qa (x

q) = [b (x)]q ◦ a (x
q) .

Òîãäà

log ◦
(
[b (x)]qa (x

q)
)
= log ◦[b (x)]q + log a (xq) .

Òàê êàê log (b (x) , x)q = (log b (x) , x)q, èç âèäà ìàòðèöû
(
[b (x)]q|P0,q

)
âûòåêàåò, ÷òî

log ◦[b (x)]q = [log b (x)]q. �
Òàêèì îáðàçîì, òàê êàê

P0,q =

(
1

1− x
|P0,q

)
=

([
1

1− x

]
q

1

1− xq
|P0,q

)
,

òî

logP0,q =

(
q−1∑
m=1

xm

m
+

∞∑
m=1

xmq

m
|P0,q

)
.

Îòìåòèì ÷òî, (
[b (x)]qa (x

q) |P0,q

)φ
=
(
[bφ (x)]qa

φ (xq) |P0,q

)
.

Îáîáùåíèåì ìàòðèöû Pg(−1,x) èç ïðèìåðà 2.1. ÿâëÿåòñÿ ìàòðèöà P0,cq(x), ñâÿçàííàÿ
ñ ìàòðèöåé Pc(x) ñëåäóþùèì îáðàçîì:

P0,cq(x) = Pcq(x) × P0,q, cq (x) =
[
(1− x)−1]

q
c (xq) ,[

xqn+i
]
cq (x) = cn, 0 ≤ i < q;

[
xqn−i

]
cq (x) = cn−1, 0 < i ≤ q,
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(
Pcq(x)

)
qn+i,qm+j

=


(
n
m

)
c(x)

, i ≥ j,(
n− 1
m

)
c(x)

(
n
1

)
c(x)

, i < j.

Îáîçíà÷åíèÿ, èñïîëüçóåìûå â ðàçäåëå 3, çàêðåïëåíû çà àëãåáðîé ìàòðèö (a (x) |P0);
äëÿ àëãåáðû ìàòðèö

(
a (x) |Pc(x)

)
= (a (c, x) , x)c(x) ââåäåì àíàëîãè÷íûå îáîçíà÷åíèÿ:(

a (x) |Pc(x)

) (
b (x) |Pc(x)

)
=
(
a (x) ∗ b (x) |Pc(x)

)
,(

a (x) |Pc(x)

)φ
=
(
a[φ] (x) |Pc(x)

)
, log

(
a (x) |Pc(x)

)
=
(
log ∗a (x) |Pc(x)

)
.

Òîãäà
a (x) ∗ b (x) = |c (x)|−1a (c, x) b (c, x) ,

a[φ] (x) = |c (x)|−1aφ (c, x) , log ∗a (x) = |c (x)|−1 log a (c, x) .

Ìàòðèöà
(
[b (x)]qa (x

q) |P0,cq(x)

)
ÿâëÿåòñÿ áëî÷íîé ìàòðèöåé, (n,m)-ì áëîêîì êî-

òîðîé ÿâëÿåòñÿ ìàòðèöà

an−m

(
n
m

)
c(x)

(b (x) , x)q.

Ñëåäîâàòåëüíî, åñëè a0 ̸= 0, b0 ̸= 0, ýòè ìàòðèöû îáðàçóþò ãðóïïó, ýëåìåíòû êîòîðîé
óìíîæàþòñÿ ïî ïðàâèëó(

[b1 (x)]qa1 (x
q) |P0,cq(x)

)(
[b2 (x)]qa2 (x

q) |P0,cq(x)

)
=

=
(
[b1 (x) b2 (x)]q (a1 (x

q) ∗ a2 (xq)) |P0,cq(x)

)
.

Òåîðåìà 4.2.

log
(
[b (x)]qa (x

q) |P0,cq(x)

)
=
(
[log b (x)]q + |cq (x)|−1 log a (c, xq) |P0,cq(x)

)
,

ãäå a (c, xq) =
∑∞

n=0 ancnx
qn

Äîêàçàòåëüñòâî. Òàê êàê(
[b (x)]qa (x

q) |P0,cq(x)

)
=
(
[b (x)]q|P0,cq(x)

) (
a (xq) |P0,cq(x)

)
,(

[b (x)]q|P0,cq(x)

)
=
(
[b (x)]q|P0,q

)
,
(
a (xq) |P0,cq(x)

)
= (a (c, xq) , x)cq(x),

òî
log ◦

(
[b (x)]qa (x

q)
)
= [log b (x)]q + |cq (x)|−1 log a (c, xq) . �

Òàêèì îáðàçîì, òàê êàê

P0,cq(x) =

([
1

1− x

]
q

1

1− xq
|P0,cq(x)

)
,

òî

logP0,cq(x) =

(
q−1∑
m=1

xm

m
+ |cq (x)|−1 log c (xq) |P0,cq(x)

)
.

Â ÷àñòíîñòè, åñëè c (x) = ex, êàê â ñëó÷àå ìàòðèöû Pg(−1,x) = P0,c2(x), òî

logP0,cq(x) =

(
q−1∑
m=1

xm

m
+ xq|P0,cq(x)

)
.

Îòìåòèì ÷òî,(
[b (x)]qa (x

q) |P0,cq(x)

)φ
=
(
[bφ (x)]qa

[φ] (xq) |P0,cq(x)

)
.
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5 Ôðàêòàëüíûå ãðóïïû

Â ýòîì ðàçäåëå ìû ðàññìîòðèì íåêîòîðûå äåòàëè àëãåáðû
[[
P[0,q]

]]
,

P[0,q] =
∞∏
k=1

×P0,qk ,
(
P [0,q]

)
n,m

=

{
1, n

(
modqk

)
≥ m

(
modqk

)
,

0, n
(
modqk

)
< m

(
modqk

)
.

Ïðèìåðîì ìàòðèöû P[0,q] ÿâëÿåòñÿ òðåóãîëüíèê Ïàñêàëÿ ïî ìîäóëþ 2:

P[0,2] =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 . . .
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 . . .
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 . . .
1 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0 . . .
1 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 . . .
1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 . . .
1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 . . .
1 1 0 0 0 0 0 0 1 1 0 0 0 0 0 0 . . .
1 0 1 0 0 0 0 0 1 0 1 0 0 0 0 0 . . .
1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0 . . .
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 . . .
1 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 . . .
1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 . . .
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 . . .
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
. . .



.

Îáîçíà÷èì
(
P[0,q]

)
n,m

=
(
n
m

)
[0,q]

. Òîãäà(
qkn+ i
qkm+ j

)
[0,q]

=

(
n
m

)
[0,q]

(
i
j

)
[0,q]

, 0 ≤ i, j < qk, (3)

(
n
m

)
[0,q]

=
∞∏
i=0

(
ni

mi

)
[0,q]

, n =
∞∑
i=0

niq
ik, m =

∞∑
i=0

miq
ik, 0 ≤ ni,mi < qk.

Çàìå÷àíèå 5.1.Ìàòðèöû P[0,q] áûëè ââåäåíû â [16], ãäå îíè îáîçíà÷åíû Sq è íàçâàíû
îáîáùåííûìè ìàòðèöàìè Ñåðïèíñêîãî. Â [16] îíè ñòðîÿòñÿ ñëåäóþùèì îáðàçîì:

Sq = Sq,1 ⊗ Sq,1 ⊗ Sq,1 ⊗ ...,

ãäå çíàê ⊗ îçíà÷àåò ïðîèçâåäåíèå Êðîíåêåðà, Sq,1 � ìàòðèöà, ñîñòîÿùàÿ èç q ïåðâûõ
ñòðîê ìàòðèöû Sq, ò.å.

(
(1− x)−1, x

)
q
. Ñâîéñòâî, îïðåäåëÿåìîå òîæäåñòâîì (3), ìîæåò

áûòü ïðåäñòàâëåíî â âèäå

Sq = Sq,k ⊗ Sq,k ⊗ Sq,k ⊗ ...,

ãäå Sq,k � ìàòðèöà, ñîñòîÿùàÿ èç q
k ïåðâûõ ñòðîê ìàòðèöû Sq. Ñâîéñòâà îáîáùåííûõ

ìàòðèö Ñåðïèíñêîãî è ñâÿçàííûõ ñ íèìè ìàòðèö èçó÷àþòñÿ â ñòàòüÿõ [12,14,15,16,22].
Â [12] ââîäÿòñÿ ìàòðèöû T (q), êîòîðûå ñòðîÿòñÿ àíàëîãè÷íî ìàòðèöàì Sq, íî íà îñ-
íîâàíèè òðåóãîëüíèêà Ïàñêàëÿ:

T (q) = T
(q)
k ⊗ T

(q)
k ⊗ T

(q)
k ⊗ ...,
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ãäå T
(q)
1 � ìàòðèöà, ñîñòîÿùàÿ èç q ïåðâûõ ñòðîê ìàòðèöû Ïàñêàëÿ, T

(q)
k � ìàòðèöà,

ñîñòîÿùàÿ èç qk ïåðâûõ ñòðîê ìàòðèöû T (q). Íàïðèìåð, T (2) = P[0.2],

T (3) =



1 0 0 0 0 0 0 0 0 . . .
1 1 0 0 0 0 0 0 0 . . .
1 2 1 0 0 0 0 0 0 . . .
1 0 0 1 0 0 0 0 0 . . .
1 1 0 1 1 0 0 0 0 . . .
1 2 1 1 2 1 0 0 0 . . .
1 0 0 2 0 0 1 0 0 . . .
1 1 0 2 2 0 1 1 0 . . .
1 2 1 2 4 2 1 2 1 . . .
...

...
...

...
...

...
...

...
...

. . .


.

Îáîçíà÷èì
(
T (q)

)
n,m

=
(
n
m

)
q
. Òîãäà(

n
m

)
q

=
∞∏
i=0

(
ni

mi

)
, n =

∞∑
i=0

niq
i, m =

∞∑
i=0

miq
i, 0 ≤ ni,mi < q,

n∑
m=0

(
n
m

)
q

xm =
∞∏
i=0

(
1 + xqi

)ni

.

Â êîíöå ýòîãî ðàçäåë ìû ðàññìîòðèì íóëåâûå îáîáùåííûå ìàòðèöû Ïàñêàëÿ, êîòî-
ðûå ÿâëÿþòñÿ îáîáùåíèåì ýòèõ ìàòðèö.

Òàê êàê [
xqkn+i

]
[b (x)]qka

(
xqk
)
= anbi, 0 ≤ i < qk,

òî (
[b (x)]qka

(
xqk
)
|P[0,q]

)
qkn+i,qkm+j

=

= an−mbi−j

(
qkn+ i
qkm+ j

)
[0,q]

= an−m

(
n
m

)
[0,q]

bi−j

(
i
j

)
[0,q]

, 0 ≤ i, j < qk.

Òàêèì îáðàçîì, ìàòðèöà
(
[b (x)]qka

(
xqk
)
|P[0,q]

)
ÿâëÿåòñÿ áëî÷íîé ìàòðèöåé, (n,m)-ì

áëîêîì êîòîðîé ÿâëÿåòñÿ ìàòðèöà

an−m

(
n
m

)
[0,q]

(
[b (x)]qk |P[0,q]

)
qk
,

ãäå
(
[b (x)]qk |P[0,q]

)
qk
� ìàòðèöà, ñîñòîÿùàÿ èç qk ïåðâûõ ñòðîê ìàòðèöû

(
[b (x)]qk |P[0,q]

)
.

Íàïðèìåð,

(
[b (x)]2a

(
x2
)
|P[0,2]

)
=



a0b0 0 0 0 0 0 0 0 . . .
a0b1 a0b0 0 0 0 0 0 0 . . .
a1b0 0 a0b0 0 0 0 0 0 . . .
a1b1 a1b0 a0b1 a0b0 0 0 0 0 . . .
a2b0 0 0 0 a0b0 0 0 0 . . .
a2b1 a2b0 0 0 a0b1 a0b0 0 0 . . .
a3b0 0 a2b0 0 a1b0 0 a0b0 0 . . .
a3b1 a3b0 a2b1 a2b0 a1b1 a1b0 a0b1 a0b0 . . .
...

...
...

...
...

...
...

...
. . .


,

14



(
[b (x)]4a

(
x4
)
|P[0,2]

)
=



a0b0 0 0 0 0 0 0 0 . . .
a0b1 a0b0 0 0 0 0 0 0 . . .
a0b2 0 a0b0 0 0 0 0 0 . . .
a0b3 a0b2 a0b1 a0b0 0 0 0 0 . . .
a1b0 0 0 0 a0b0 0 0 0 . . .
a1b1 a1b0 0 0 a0b1 a0b0 0 0 . . .
a1b2 0 a1b0 0 a0b2 0 a0b0 0 . . .
a1b3 a1b2 a1b1 a1b0 a0b3 a0b2 a0b1 a0b0 . . .
...

...
...

...
...

...
...

...
. . .


.

Ñëåäîâàòåëüíî, åñëè a0 ̸= 0, b0 ̸= 0, ýòè ìàòðèöû îáðàçóþò ãðóïïó, ýëåìåíòû êîòîðîé
óìíîæàþòñÿ ïî ïðàâèëó(

[b1 (x)]qka1

(
xqk
)
|P0,q

)(
[b2 (x)]qka2

(
xqk
)
|P0,q

)
=

=
(
[b1 (x) ◦ b2 (x)]qk

(
a1

(
xqk
)
◦ a2

(
xqk
))

|P0,q

)
,

[b1 (x) ◦ b2 (x)]q = [b1 (x) b2 (x)]q. Îáîçíà÷èì ýòó ãðóïïó Bq,k. Îáðàòèìñÿ ê ñåìåéñòâó
¾ôðàêòàëüíûõ¿ ðÿäîâ qa (x), òàêèõ ÷òî

qa (x) = [qa (x)]q
qa (xq) = [qa (x)]qk

qa
(
xqk
)
=

∞∏
m=0

qk−1∑
n=0

qanx
nqmk

,

qa0 = 1, qaqkn+i =
qan

qai, 0 ≤ i < qk,

qan =
∞∏
i=0

qani
, n =

∞∑
i=0

niq
ik = n0 + qk

(
n1 + qk (n2 + ...)

)
, 0 ≤ ni < qk.

Ó÷èòûâàÿ ñâîéñòâà êîýôôèöèåíòîâ
(
n
m

)
[0,q]

, ìû èìååì:(
qa (x) |P [0,q]

)
qkn+i,qkm+j

=
(
qa (x) |P [0,q]

)
n,m

(
qa (x) |P [0,q]

)
i,j
, 0 ≤ i, j < qk,

(
qa (x) |P [0,q]

)
n,m

=
∞∏
i=0

(
qa (x) |P [0,q]

)
ni,mi

, n =
∞∑
i=0

niq
ik, m =

∞∑
i=0

miq
ik, 0 ≤ ni,mi < qk.

Îáîçíà÷èì [n,→]
(
qa (x) |P [0,q]

)
= un (x). Òîãäà

un (x) =
n∑

m=0

qan−mx
m, 0 ≤ n < q; uqkn+i (x) = un

(
xqk
)
ui (x) , 0 ≤ i < qk;

un (x) =
∞∏
i=0

uni

(
xqik
)
, n =

∞∑
i=0

niq
ik, 0 ≤ ni < qk.

Òåîðåìà 5.1. Ïîäàëãåáðà ìàòðèö
(
a
(
xqk
)
|P[0,q]

)
èçîìîðôíà àëãåáðå

[[
P[0,q]

]]
.

Äîêàçàòåëüñòâî. Ìàòðèöà P[0,q] ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ìàòðèöû
(
qa (x) |P [0,q]

)
è åå ñòðîêè ñâÿçàíû ñîîòíîøåíèåì [n,→]P[0,q] = un (x),

[
qkn,→

]
P[0,q] = un

(
xqk
)
.

Òîãäà

[n,→]
(
a (x) |P[0,q]

)
= an (x) ,

[
qkn,→

] (
a
(
xqk
)
|P[0,q]

)
= an

(
xqk
)
,

[xn] a (x) ◦ b (x) =
[
xqkn

]
a
(
xqk
)
◦ b
(
xqk
)
. �
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Òåîðåìà 5.2. Ìàòðèöû
(
qa (x) |P[0,q]

)
îáðàçóþò ãðóïïó (îáîçíà÷èì åå Fq), èçîìîðô-

íóþ ãðóïïå ìàòðèö (qa (x) , x)q.

Äîêàçòåëüñòî. Ìàòðèöà
(
qa (x) |P[0,q]

)
ÿâëÿåòñÿ ýëåìåíòîì êàæäîé ãðóïïû Bq,k.

Ñëåäîâàòåëüíî,

qa (x) ◦ qb (x) = [qa (x) ◦ qb (x)]qk
(
qa
(
xqk
)
◦ qb

(
xqk
))

= qc (x) .

Îñòàåòñÿ äîáàâèòü, ÷òî
(
qa (x) |P[0,q]

)
q
= (qa (x) , x)q. �

Òåîðåìà 5.3. Ìàòðèöû
(
qa
(
xqk
)
|P[0,qk+1]

)
îáðàçóþò ïîäãðóïïó â Fqk+1, èçîìîðô-

íóþ ãðóïïå Fq.
Äîêàçàòåëüñòâî. Òàê êàê

qa
(
xqk
)
=

(
q−1∑
n=0

qanx
nqk

)
qa
(
xqk+1

)
=
[
qa
(
xqk
)]

qk+1

qa
(
xqk+1

)
,

òî
(
qa
(
xqk
)
|P[0,qk+1]

)
∈ Fqk+1 . Îñòàåòñÿ çàìåòèòü, ÷òî ãðóïïà ìàòðèö

(
qa
(
xqk
)
, x
)
qk+1

èçîìîðôíà ãðóïïå ìàòðèö (qa (x) , x)q. �
Òåîðåìà 5.4.

log ◦qa (x) =
∞∑
k=0

[
log qa

(
xqk
)]

qk+1
=

∞∑
k=0

q−1∑
n=1

lnx
nqk =

q−1∑
n=1

ln

∞∑
k=0

xnqk ,

ãäå ln = [xn] log qa (x).
Äîêàçàòåëüñòâî. Îáîçíà÷èì

log ◦qa (x) = log ◦[qa (x)]qk + log ◦qa
(
xqk
)
= ql (x) .

Òàê êàê log ◦[qa (x)]q = [log qa (x)]q è ïî òåîðåìå 5.1. log ◦qa
(
xqk
)
= ql

(
xqk
)
, òî

ql (x) = [log qa (x)]q +
ql (xq) =

∞∑
k=0

[
log qa

(
xqk
)]

qk+1
. �

Òàêèì îáðàçîì,

logP [0,q] =

(
∞∑
k=0

q−1∑
n=1

xnqk

n
|P [0,q]

)
.

Îáîáùåíèåì ìàòðèöû T (q) èç çàìå÷àíèÿ 5.1. ÿâëÿåòñÿ ìàòðèöà

P0,qc(x) = Pqc(x) × P[0,q] = |qc (x)|−1 (qc (x) |P[0,q]

)
|qc (x)| ,

(
P0,qc(x)

)
qkn+i,qkm+j

=
qcqkn+i

qcqk(n−m)+i−j

qcqkm+j

=
qcn

qci
qcn−m

qci−j

qcmqcj
=
(
P0,qc(x)

)
n,m

(
P0,qc(x)

)
i,j
,

0 ≤ i, j < qk, i ≥ j. Çäåñü T (q) = P0,qc(x),
qc (x) = [ex]q

qc (xq). Àëãåáðû
[[
P[0,q]

]]
,[[

P0,qc(x)

]]
ñâÿçàíû ñëåäóþùèì îáðàçîì: åñëè(

a (x) |P[0,q]

) (
b (x) |P[0,q]

)
=
(
a (x) ◦ b (x) |P[0,q]

)
,(

a (x) |P0,qc(x)

) (
b (x) |P0,qc(x)

)
=
(
a (x) ∗ b (x) |P0,qc(x)

)
,

òî
a (x) ∗ b (x) = |qc (x)|−1a (qc, x) ◦ b (qc, x) , a (qc, x) = |qc (x)| a (x) .
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6 Ãðóïïà R (P0)

Îáîçíà÷èì (a (x) |P 0) = (a (x) , 1)0, ãäå âèä ìàòðèöû P0 óêàçûâàåòñÿ îòäåëüíî. Ïî-
ñòðîèì ìàòðèöó (1, a (x))0 ïî ïðàâèëó

(1, a (x))0x
n =

(
a(n) (x) , 1

)
0
xn = xn ◦ a(n) (x) .

Îáîçíà÷èì

(1, a (x))0b (x) = b(a (x))0, (b (x) , 1)0(1, a (x))0 = (b (x) , a (x))0.

Òåîðåìà 6.1. Ìàòðèöû (b (x) , a (x))0, b0 ̸= 0, a0 ̸= 0 îáðàçóþò ãðóïïó, ýëåìåíòû
êîòîðîé óìíîæàþòñÿ ïî ïðàâèëó

(b (x) , a (x))0(f (x) , g (x))0 = (b (x) ◦ f(a (x))0, a (x) ◦ g(a (x))0)0.

Äîêàçàòåëüñòâî. Òàê êàê

xm ◦ xn =

(
m+ n

n

)
0

xm+n, xm ◦ b (x) =
∞∑
n=0

bn

(
m+ n

n

)
0

xm+n,

(1, a (x))0 (x
m ◦ b (x)) =

∞∑
n=0

bn

(
m+ n

n

)
0

xm+n ◦ a(m+n) (x) =

= xm ◦ a(m) (x) ◦
∞∑
n=0

bnx
n ◦ a(n) (x) = xm ◦ a(m) (x) ◦ b(a (x))0,

òî
(1, a (x))0(b (x) , 1)0 = (b(a (x))0, a (x))0.

Tîãäà
(1, a (x))0 (b (x) ◦ c (x)) = b(a (x))0 ◦ c(a (x))0,

(1, a (x))0
(
xm ◦ b(m) (x)

)
= xm ◦ a(m) (x) ◦ (b(a (x))0)

(m),

èëè
(1, a (x))0(1, b (x))0 = (1, a (x) ◦ b(a (x))0)0. �

Îáîáùåííóþ ãðóïïó Ðèîðäàíà ñ öåíòðàëüíûì ýëåìåíòîì Pc(x) îáîçíà÷èìR
(
Pc(x)

)
;

ãðóïïó ìàòðèö (b (x) , a (x))0 îáîçíà÷èìR (P0). Òåðìèíîëîãèÿ, èñïîëüçóåìàÿ äëÿ ãðóï-
ïû Ðèîðäàíà, áóäåò èñïîëüçîâàòüñÿ è äëÿ ãðóïïûR (P0). Ïîäãðóïïû ìàòðèö (b (x) , 1)0,
(1, a (x))0 áóäóò íàçûâàòüñÿ ñîîòâåòñòâåííî ïîäãðóïïîé Àïïåëÿ è ïîäãðóïïîé Ëàãðàí-
æà. Ïîäãðóïïà ìàòðèö (a (x) , a (x))0, èçîìîðôíàÿ ïîäãðóïïå Ëàãðàíæà, áóäåò íàçû-
âàòüñÿ ïîäãðóïïîé Áåëëà. Òàê êàê x ◦ a (x) = x ◦ b (x) äëÿ áåñêîíå÷íîãî ìíîæåñòâà
ðÿäîâ b (x), òî â ïðàêòè÷åñêîì ïëàíå ìàòðèöû (a (x) , a (x))0 èìåþò ïðåèìóùåñòâî
ïåðåä ìàòðèöàìè (1, a (x))0. Ñëåäóþùèé ïðèìåð ýòî èëëþñòðèðóåò.
Ïðèìåð 6.1. Çäåñü P0 = P0,2;(

1,
1

1− x2

)
0

(
1,

1

1− x

)
0

=

(
1,

1

1− x− x2

)
0

,

1 0 0 0 0 0 0 · · ·
0 1 0 0 0 0 0 · · ·
0 0 1 0 0 0 0 · · ·
0 1 0 1 0 0 0 · · ·
0 0 2 0 1 0 0 · · ·
0 1 0 3 0 1 0 · · ·
0 0 3 0 4 0 1 · · ·
...

...
...

...
...

...
...

. . .





1 0 0 0 0 0 0 · · ·
0 1 0 0 0 0 0 · · ·
0 0 1 0 0 0 0 · · ·
0 1 2 1 0 0 0 · · ·
0 0 2 0 1 0 0 · · ·
0 1 4 3 4 1 0 · · ·
0 0 3 0 4 0 1 · · ·
...

...
...

...
...

...
...

. . .


=



1 0 0 0 0 0 0 · · ·
0 1 0 0 0 0 0 · · ·
0 0 1 0 0 0 0 · · ·
0 2 2 1 0 0 0 · · ·
0 0 4 0 1 0 0 · · ·
0 5 10 6 4 1 0 · · ·
0 0 14 0 8 0 1 · · ·
...

...
...

...
...

...
...

. . .


;
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(
1

1− x2
,

1

1− x2

)
0

(
1

1− x
,

1

1− x

)
0

=

(
1

1− x− x2
,

1

1− x− x2

)
0

,

1 0 0 0 0 0 · · ·
0 1 0 0 0 0 · · ·
1 0 1 0 0 0 · · ·
0 2 0 1 0 0 · · ·
1 0 3 0 1 0 · · ·
0 3 0 4 0 1 · · ·
...

...
...

...
...

...
. . .





1 0 0 0 0 0 · · ·
1 1 0 0 0 0 · · ·
1 0 1 0 0 0 · · ·
1 2 3 1 0 0 · · ·
1 0 3 0 1 0 · · ·
1 3 9 4 5 1 · · ·

...
...

...
...

...
...

. . .


=



1 0 0 0 0 0 · · ·
1 1 0 0 0 0 · · ·
2 0 1 0 0 0 · · ·
3 4 3 1 0 0 · · ·
5 0 6 0 1 0 · · ·
8 14 21 8 5 1 · · ·
...

...
...

...
...

...
. . .


.

Ýòîò ïðèìåð òàêæå ÿâëÿåòñÿ èëëþñòðàöèåé ïåðåñå÷åíèÿ ãðóïïû R (P0,q) ñ îáûê-
íîâåííîé ãðóïïîé Ðèîðäàíà: (b (xq) , a (xq))0 = (b (xq) , xa (xq)). Â îáùåì ñëó÷àå, ïåðå-
ñå÷åíèå ãðóïï R

(
Pc(x) × P0,q

)
è R

(
Pc(x)

)
èìååò âèä

(b (xq) , a (xq))0 = (|c (x)| b (xq) , x |c (x)| a (xq))c(x).

Îòìåòèì, ÷òî R
(
Pc(x)

)∩
R (P0) = (1, φ)0 = (1, φx) äëÿ ëþáûõ Pc(x) è P0. Òàêèì

îáðàçîì, a(φ)0 = a (φx),

(1, φ)0(b (x) , a (x))0 = (b (φx) , φa (φx))0, (b (x) , a (x))0(1, φ)0 = (b (x) , φa (x))0.

Ñëåäóþùàÿ òåîðåìà ÿâëÿåòñÿ àíàëîãîì òåîðåìû îáðàùåíèÿ Ëàãðàíæà â åå îáîá-
ùåííîì âèäå.
Òåîðåìà 6.2. Êàæäûé ôîðìàëüíûé ñòåïåííîé ðÿä a (x) ∈ [[P0, a (x)]], a0 = 1, ñâÿçàí
ñ ñåìåéñòâîì ðÿäîâ (β)a (x) ∈ [[P0, a (x)]], (0)a (x) = a (x), òàêèõ ÷òî

(β)a
(
a(−β) (x)

)
0
= a (x) , a

(
(β)a

(β) (x)
)
0
= (β)a (x) ,

[xn] (β)a
(φ) (x) = [xn]

(
1− xβ(log ◦a (x))′

)
◦ a(φ+βn) (x) =

φ

φ+ βn
[xn] a(φ+βn) (x) ,

[xn]
(
1 + xβ

(
log ◦(β)a (x)

)′) ◦ (β)a
(φ) (x) =

φ+ βn

φ
[xn] (β)a

(φ) (x) = [xn] a(φ+βn) (x) .

Äîêàçàòåëüñòâî. Åñëè ìàòðèöû
(
1, a(−1) (x)

)
0
, a0 = 1, (1, b (x))0, b0 = 1, ÿâëÿþòñÿ

âçàèìíî îáðàòíûìè, òî(
1, a(−1) (x)

)
0
b (x) = a (x) , (1, b (x))0a (x) = b (x) .

Òàê êàê
x
(
xn ◦ b(n) (x)

)′
= xn ◦ x

(
b(n) (x)

)′
+ x(xn)′ ◦ b(n) (x) =

= xn ◦ nb(n−1) (x) ◦ xb′ (x) + nxn ◦ b(n) (x) = nxn ◦ b(n) (x) ◦
(
1 + x(log ◦b (x))′

)
,

òî
(x, x)D(1, b (x))0 =

((
1 + x(log ◦b (x))′

)
, b (x)

)
0
(x, x)D,

(1, b (x))0xa
′ (x) =

(
1 + x(log ◦b (x))′

)(−1) ◦ xb′ (x) .

Îòñþäà íàõîäèì:(
1 + x(log ◦b (x))′, b (x)

)−1

0
=
(
1− x(log ◦a (x))′, a(−1) (x)

)
0
.

Îáîçíà÷èì

[xn] a(m) (x) = a(m)
n , [xn]

(
1− x(log ◦a (x))′

)
◦ a(m) (x) = c(m)

n ,
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am (x) =
∞∑
n=0

a(m+n)
n xn, cm (x) =

∞∑
n=0

c(m+n)
n xn.

Ïîñòðîèì ìàòðèöóA,m-é ñòîëáåö êîòîðîé èìååò ïðîèçâîäÿùóþ ôóíêöèþ xm◦am (x),
è ìàòðèöó C, m-é ñòîëáåö êîòîðîé èìååò ïðîèçâîäÿùóþ ôóíêöèþ xm ◦ cm (x):

A =


a
(0)
0 0 0 0 · · ·

a
(1)
1 a

(1)
0 0 0 · · ·

a
(2)
2 a

(2)
1 a

(2)
0 0 · · ·

a
(3)
3 a

(3)
2 a

(3)
1 a

(3)
0 · · ·

...
...

...
...

. . .

× P0, C =


c
(0)
0 0 0 0 · · ·
c
(1)
1 c

(1)
0 0 0 · · ·

c
(2)
2 c

(2)
1 c

(2)
0 0 · · ·

c
(3)
3 c

(3)
2 c

(3)
1 c

(3)
0 · · ·

...
...

...
...

. . .

× P0.

Î÷åâèäíî, ÷òî

[n,→]A = [n,→]
(
a(n) (x) , 1

)
0
, [n,→]C = [n,→]

((
1− x(log a (x))′

)
◦ a(n) (x) , 1

)
0
.

Òàê êàê (
1− xa′ (x) ◦ a(−1) (x)

)
◦ a(m) (x) = a(m) (x)− x

m

(
a(m) (x)

)′
,

èëè

[xn]
(
1− x(log ◦a (x))′

)
◦ a(m) (x) =

m− n

m
[xn] a(m) (x) ,

òî [
xm+n

]
A
(
xm ◦

(
1− x(log ◦a (x))′

)
◦ a(−m) (x)

)
=
[
xm+n

]
C
(
xm ◦ a(−m) (x)

)
=

= [xn]
(
1− x(log ◦a (x))′

)
◦ a(n) (x) =

{
1, n = 0,
0, n > 0.

Òàêèì îáðàçîì,

A =
(
1 + x(log ◦b (x))′, b (x)

)
0
, C = (1, b (x))0,

[xn]
(
1 + x(log ◦b (x))′

)
◦ b(m) (x) =

m+ n

m
[xn] b(m) (x) = [xn] a(m+n) (x) ,

[xn] b(m) (x) = [xn]
(
1− x(log ◦a (x))′

)
◦ a(m+n) (x) =

m

m+ n
[xn] a(m+n) (x) .

Îáîçíà÷èì (
1, a(−β) (x)

)−1

0
=
(
1, (β)a

(β) (x)
)
0
.

Òîãäà

[xn] (β)a
(βm) (x) =

βm

βm+ βn
[xn] a(βm+βn) (x) .

Ïóñòü cn (φ) � ïîëèíîìû ñâåðòêè ðÿäà a (x). Òîãäà

(β)a
(φ) (x) =

∞∑
n=0

φ

φ+ βn
cn (φ+ βn) xn. �

Ïðèìåð 6.2. Ðàññìîòðèì àíàëîã ýêñïîíåíöèàëüíîãî ðÿäà èç ñåìåéñòâà ðÿäîâ qa (x):

qε (x) = [ex]q
qε (xq) , qε (x) ∈

[[
P[0,q], a (x)

]]
, log ◦qε (x) =

∞∑
k=0

xqk ,

[xn] qε(φ) (x) =
φ{n}

(n)!
, {n} =

∞∑
i=0

ni, (n)! =
∞∏
i=0

ni!, n =
∞∑
i=0

niq
i, 0 ≤ ni < q,
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(n)! [xn] qε(φ) (x) ◦ qε(β) (x) = (φ+ β){n} =
n∑

m=0

(
n
m

)
q

φ{m}β{n−m},

(
n
m

)
q

=

{
(n)!

(m)!(n−m)!
, n
(
modqk

)
≥ m

(
modqk

)
,

0, n
(
modqk

)
< m

(
modqk

)
.

Îòìåòèì, ÷òî 2ε (x) = (1− x)−1,
(
n
m

)
2
=
(
n
m

)
[0,2]

. Ïóñòü q
(1)ε (x) îçíà÷àåò ðÿä, ñâÿçàííûé

ñ qε (x) ñîãëàñíî òåîðåìå 6.2. Òîãäà

(n)! [xn] q(1)ε
(φ) (x) = φ(φ+ n){n}−1.

Èç òîæäåñòâà q
(1)ε

(φ+β) (x) = q
(1)ε

(φ) (x) ◦ q
(1)ε

(β) (x) ïîëó÷àåì àíàëîã îáîáùåííîé áèíî-
ìèàëüíîé ôîðìóëû Àáåëÿ:

(φ+ β) (φ+ β + n){n}−1 =
n∑

m=0

(
n
m

)
q

φ(φ+m){m}−1β(β + n−m){n−m}−1.

Òàê êàê
[xn]

(
1−

(
log ◦(1)ε (x)

)′) ◦ (1)ε
(φ) (s) = [xn] ε(φ+n) (x) ,

èç (
1−

(
log ◦(1)ε (x)

)′) ◦ (1)ε
(φ+β) (x) =

(
1−

(
log ◦(1)ε (x)

)′) ◦ (1)ε
(φ) (s) ◦ (1)ε

(β) (s)

ïîëó÷àåì

(φ+ β + n){n} =
n∑

m=0

(
n
m

)
q

(φ+m){m}β(β + n−m){n−m}−1.

Òîæäåñòâà

(1)ε
(φ) (x) =

(
1, (1)ε (x)

)
0
ε(φ) (x) , ε(φ) (x) =

(
1, ε(−1) (x)

)
0(1)

ε(φ) (x)

äàþò àíàëîãè äðóãèõ òîæäåñòâ Àáåëÿ [18, pp. 92-99], [21]:

φ(φ+ n){n}−1 =
n∑

m=0

(
n
m

)
q

φ{m}mn{n−m}−1,

φ{n} =
n∑

m=0

(
n
m

)
q

φ(φ+m){m}−1(−m){n−m}.

Åñëè q = 2, n = 2k − 1, òî

(
φ+ 2k − 1

)k−1
=

2k−1∑
m=0

φ{m}−1m
(
2k − 1

){2k−1−m}−1
,

φk−1 =
2k−1∑
m=0

(φ+m){m}−1(−m){2
k−1−m}.

Êîýôôèöèåíòû
(
n
m

)
q
ÿâëÿþòñÿ ýëåìåíòàìè ìàòðèöû T (q) èç çàìå÷àíèÿ 5.1. Îòìåòèì

äëÿ íèõ òîæäåñòâà, àíàëîãè÷íûå òîæäåñòâàì

n∑
m=0

(
n
m

)
= 2n,

n∑
m=0

(
n
m

)
m(−1)n−m =

{
1, n = 1,
0, n ̸= 1.
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Òàê êàê qε (x) ◦ qε (x) = qε(2) (x), xqε′ (x) ◦ qε(−1) (x) = x(log ◦qε (x))′, òî
n∑

m=0

(
n
m

)
q

= 2{n},
n∑

m=0

(
n
m

)
q

m(−1){n−m} =

{
qk, n = qk,
0, n ̸= qk.

Â òåîðèè ìàòðèö Ðèîðäàíà âàæíîå ìåñòî çàíèìàåò ïîíÿòèå ïñåâäî-èíâîëþöèè
[5,6,9,17]. Ââåäåì àíàëîãè÷íîå ïîíÿòèå äëÿ ãðóïïû R (P0). Ìàòðèöó (b (x) , a (x))0,
îáëàäàþùóþ ñâîéñòâîì

(b (x) , a (x))−1
0 = (1,−1)0(b (x) , a (x))0(1,−1)0 = (b (−x) , a (−x))0,

íàçîâåì ïñåâäî-èíâîëþöèåé ãðóïïû R (P0). Î÷åâèäíî, ÷òî åñëè ìàòðèöà (b (x) , a (x))0
ÿâëÿåòñÿ ïñåâäî-èíâîëþöèåé, òî ìàòðèöû (b (−x) ,−a (−x))0, (b (x) ,−a (x))0 ÿâëÿþò-
ñÿ èíâîëþöèÿìè.
Òåîðåìà 6.3. Åñëè ìàòðèöà (b (x) ,−a (x))0, ÿâëÿåòñÿ èíâîëþöèåé, òî îíà ìîæåò
áûòü ïðåäñòàâëåíà â âèäå

(b (x) ,−a (x))0 =
(
b(1/2 ) (x) , a(1/2 ) (x)

)
0
(1,−1)0

(
b(1/2 ) (x) , a(1/2 ) (x)

)−1

0
.

Äîêàçàòåëüñòâî. Åñëè(
1, a(1/2 ) (x)

)−1

0
=
(
1, h(−1) (x)

)
0
, (1, h (x))−1

0 =
(
1, c(1/2 ) (x)

)
0
,

òî (
1, a(1/2 ) (x)

)
0
(1, h (x))0 = (1, a (x))0,(

1, c(1/2 ) (x)
)
0

(
1, h(−1) (x)

)
0
= (1, c (x))0, (1, a (x))−1

0 = (1, c (x))0.

Èç óñëîâèÿ c (x) = a (−x) âûòåêàåò, ÷òî h(−1) (x) = h (−x). Òîãäà

(1,−a (x))0 =
(
1, a(1/2 ) (x)

)
0
(1,−1)0

(
1, h(−1) (x)

)
0
,

(b (x) ,−a (x))0 =
(
b(1/2 ) (x) , 1

)
0
(1,−a (x))0

(
b(−1/2 ) (x) , 1

)
0
. �

Ñëåäóþùàÿ òåîðåìà êàñàåòñÿ óíèïîòåíòîâ wq (x) ∈ [[P0,q, a (x)]], wq (x) = 1+ηq (x),
ãäå ðÿä ηq (x) îïðåäåëÿåòñÿ ôîðìóëîé (2).
Òåîðåìà 6.4. Ìàòðèöû (wq,i (x) , wq,j (x)) îáðàçóþò êîììóòàòèâíóþ ïîäãðóïïó â
R (P0,q), ýëåìåíòû êîòîðîé óìíîæàþòñÿ ïî ïðàâèëó

(wq,1 (x) , wq,2 (x))0(wq,3 (x) , wq,4 (x))0 = (wq,1 (x) ◦ wq,3 (x) , wq,2 (x) ◦ wq,4 (x))0.

Äîêàçàòåëüñòâî. Åñëè [xn]wq,i (x) ̸= 0, n > 0, òî

xn ◦ wq,i (x) = xn ◦ w(n)
q,i (x) = xn, wq,i(wq,j (x))0 = wq,i (x) ,

(wq,1 (x) , wq,2 (x))0(wq,3 (x) , wq,4 (x))0 =

= (1 + ηq,1 (x) + ηq,3 (x) , 1 + ηq,2 (x) + ηq,4 (x))0. �
Îáîçíà÷èì ýòó ïîäãðóïïó U (P0,q).

Òåîðåìà 6.5. Ïñåâäî-èíâîëþöèè ãðóïïû R (P0 × P0,2) îáðàçóþò ïîäãðóïïó, èçî-
ìîðôíóþ ïîäãðóïïå U (P0,2).
Äîêàçàòåëüñòâî. Åñëè ìàòðèöà (b (x) , a (x))0 ÿâëÿåòñÿ ïñåâäî-èíâîëþöèåé (èñêëþ-
÷àÿ ìàòðèöû (1,−1)0, (−1,−1)0, êîòîðûå ÿâëÿþòñÿ îäíîâðåìåííî èíâîëþöèÿìè è
ïñåâäî-èíâîëþöèÿìè), òî

(1, a (x))0b (−x) = b(−1) (x) , (1, a (x))0 =
(
1, a(1/2 ) (x)

)
0
(1, h (x))0,
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(
1, a(1/2 ) (x)

)−1

0
=
(
1, h(−1) (x)

)
0
, h(−1) (x) = h (−x) .

Ïóñòü P0 = P0,2. Òàê êàê â àëãåáðå [[P0,2, a (x)]] ðÿä η (x) =
∑∞

n=0 η2n+1x
2n+1 ÿâëÿþòñÿ

íèëüïîòåíòîì âòîðîãî ïîðÿäêà, òî ðÿä, îáëàäàþùèé ñâîéñòâîì h(−1) (x) = h (−x), ÿâ-
ëÿåòñÿ óíèïîòåíòîì. Ñëåäîâàòåëüíî, åñëè ìàòðèöà (1, a (x))0 ÿâëÿåòñÿ ïñåâäî-èíâîëþöèåé,
òî ðÿä a (x) ÿâëÿåòñÿ óíèïîòåíòîì è (1, a (x))0x

2n+1 = x2n+1. Îáîçíà÷èì b (x) =

b1 (x
2) + xb2 (x

2). Òîãäà (1, a (x))0b (−x) = b̃1 (x
2)− xb2 (x

2). Óðàâíåíèå

b1
(
x2
)
◦ b̃1

(
x2
)
+ b1

(
x2
)
◦ xb2

(
x2
)
− b̃1

(
x2
)
◦ xb2

(
x2
)
= 1

èìååò åäèíñòâåííîå ðåøåíèå b1 (x
2) = b̃1 (x

2) = 1. Òàêèì îáðàçîì, ðÿä b (x) òàêæå ÿâ-
ëÿåòñÿ óíèïîòåòîì è, ñëåäîâàòåëüíî, ïîäãðóïïà U (P0,2) ñîñòîèò èç ïñåâäî-èíâîëþöèé
ãðóïïû R (P0,2). Â ãðóïïå R (P0 × P0,q) ïðè ëþáîì P0 ïðîèçâåäåíèå ìàòðèö (wq (x) , 1)0
îïðåäåëÿåòñÿ òîëüêî èõ íóëåâûìè ñòîëáöàìè, ïîýòîìó ãðóïïà R (P0 × P0,q) ñîäåð-
æèò ïîäãðóïïó, èçîìîðôíóþ U (P0,q). Òàê êàê â àëãåáðå [[P0 × P0,2, a (x)]] ðÿä η (x) =∑∞

n=0 η2n+1x
2n+1 òàêæå ÿâëÿþòñÿ íèëüïîòåòîì, òî ïîäãðóïïà, èçîìîðôíàÿ U (P0,2),

ñîñòîèò èç ïñåâäî-èíâîëþöèé ãðóïïû R (P0 × P0,2) . �
Ïðèìåðàìè ãðóïïû R (P0 × P0,2) ÿâëÿþòñÿ ãðóïïû R

(
P[0,2]

)
, R
(
Pg(−1,x)

)
.

Ïðèìåð 6.3. Ïóñòü (1)h (x) îçíà÷àåò ðÿä, ñâÿçàííûé ñ h (x) ñîãëàñíî òåîðåìå 6.2.
Òîãäà åñëè h(−1) (x) = h (−x), òî ìàòðèöû

(
1, (1)h

(2) (x)
)
,
(
(1)h

(2) (x) , (1)h
(2) (x)

)
, ÿâ-

ëÿþòñÿ ïñåâäî-èíâîëþöèÿìè. Èñõîäÿ èç ýòîãî, ïîñòðîèì ïñåâäî-èíâîëþöèþ ãðóïïû
R (P0,3). Ïóñòü h (x) = [ex]3e

x3
= (1 + x+ x2/2 ) ex

3
. Òîãäà

h(φ) (x) =
∞∑
n=0

φn

n!
x3n +

∞∑
n=0

φn+1

n!
x3n+1 +

∞∑
n=0

φn+2

n!2
x3n+2,

(1)h
(φ) (x) =

∞∑
n=0

φ(φ+ 3n)n−1

n!
x3n+

∞∑
n=0

φ(φ+ 3n+ 1)n

n!
x3n+1+

∞∑
n=0

φ(φ+ 3n+ 2)n+1

n!2
x3n+2,

(
(1)h

(2) (x) , (1)h
(2) (x)

)
=



1 0 0 0 0 0 0 0 0 · · ·
2 1 0 0 0 0 0 0 0 · · ·
4 4 1 0 0 0 0 0 0 · · ·
2 0 0 1 0 0 0 0 0 · · ·
12 4 0 8 1 0 0 0 0 · · ·
49 32 6 40 10 1 0 0 0 · · ·
8 0 0 8 0 0 1 0 0 · · ·
81 20 0 96 10 0 14 1 0 · · ·
500 242 36 676 140 12 112 16 1 · · ·
...

...
...

...
...

...
...

...
...

. . .


.

Ñïèñîê ëèòåðàòóðû

[1] T. Ball, T. Edgar, D. Juda, Dominance orders, generalized binomial coe�cients, and
Kummer's theorem, Math. Mag., 87:2 (2014), 135-143.

[2] P. Barry, Riordan Arrays: A Primer, Logic Press, 2016.

[3] V. M. Buchstaber, A. N. Kholodov, Boas�Buck structures on sequences of
polynomials, Funct. Anal. Appl., 23:4 (1989), 266�276.

[4] E. V. Burlachenko, Fractal generalized Pascal matrices, Math. Notes, 107 (2020),
559-573.

22



[5] N. T. Cameron, A. Nkwanta, On some (pseudo) involutions in the Riordan group, J.
Integer seq., 8 (2005), Article 06.2.3.

[6] G.-S. Cheon, H. Kim, L. W. Shapiro, Riordan group involutions, Linear Algebra
Appl., 428 (2008), 941-952.

[7] G. Fontene, Generalization d'une formule connue, Nouv. ann. math. (4), 15 (1915),
112.

[8] H. W. Gould, T.-X. He, Characterization of (c)-Riordan arrays, Gegenbauer-
Humbert-type polynomial sequences, and (c)-Bell polynomials, J. Math. Res. Appl.,
33:5 (2013), 505-52.

[9] T.-X. He, L. Shapiro, Palindromes and pseudo-involution multiplication, Linear
Algebra Appl., 593 (2020), 1-17.

[10] M. E. Horn, The Didactical Relevance of the Pauli Pascal Triangle
arXiv:physics/0611277, 2006.

[11] C. Jean-Louis, A. Nkwanta, Some algebraic structure of the Riordan group, Linear
Algebra Appl. 438(2013) 2018�2035.

[12] L. Jiu, C. Vignat, On binomial identities in arbitrary bases, J. Integer Seq., 19:5
(2016), Article 16.5.5.

[13] D. E. Knuth, Convolution polynomials, Mathematica J., 2:4 (1992), 67-78. J.
Combinatorics, 1 (1980), 113-138.

[14] T. Mansour, H. D. Nguyen, A -Digital Binomial Theorem, arXiv: 1506.07945, 2015.

[15] T. Mansour, H. D. Nguyen, A Digital Binomial Theorem for She�er Sequences,
arXiv:1510.08529, 2015.

[16] H. D. Nguyen, A Generalization of the digital binomial theorem, J. Integer Seq., 18:5
(2015), Article 15.5.7.

[17] D. Phulara, L. Shapiro, Constructing pseudo-involutions in the Riordan group, J.
Integer seq., 20 (2017), Article 17.4.7.

[18] J. Riordan, Combinatorial Identities, New York: Wiley, 1968. ðð 92-99

[19] S. M. Roman, The Umbral Calculus, Academic Press, 1984.

[20] N. J. A. Sloane, The On-line Encyclopedia of Integer Sequences, http://oeis.org.

[21] R. Sprugnoli, Riordan arrays and Abel-Gould identity, Discrete Math., 142 (1995)
213-233.

[22] T. Wakhare, C. Vignat, Base- Analogues of Classic Combinatorial Objects,
arXiv:1607.02564, 2016.

[23] W, Wang, T. Wang, Generalized Riordan arrays, Discrete Math. 308 (2008) 6466-
6500.

[24] S. Zemel, Generalized Riordan groups and operators on polynomials, Linear Algebra
Appl., 494 (2016) 286-308.

[25] X. Zhao, T. Wang, Some identities related to reciprocal functions, Discrete Appl.
Math., 265 (2003) 323-335.

E-mail: evgeniy_burlachenko@list.ru

23


